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DETERMINING THE PARAMETERS OF THE FUNCTIONING
FOR A NONLINEAR BALLISTIC SYSTEM IN A REAL EXTERNAL
ENVIRONMENT

Purpose. Development of an approximate nonlinear model for the solution of the external ballistics problem with determina-
tion of the nonlinear system parameters and development of a methodology for calculating the acrodynamic characteristics of the
cargo, located on the external suspension of unmanned aerial vehicle (UAV) in order to increase the efficiency of their delivery to
the specified landing target by means of asymptotic approach with given parameters of the studied system and external load.

Methodology. The development of an effective model was carried out using analytical and numerical research algorithms based
on a nonlinear system of differential equations in a general form with time-varying coefficients. In order to obtain a solution to the
nonlinear problem of external ballistics in a two-dimensional formulation, the assumption of a significant influence of the projec-
tion of the velocity function on the ordinate axis in relation to the component on the abscissa axis is introduced. The problem is
reduced to the solution of a related system of differential equations with variable coefficients along the corresponding coordinates
using the asymptotic approach for a small parameter of the coefficient of frontal acrodynamic resistance. Applied mathematical
analysis and modeling have been used for the problem formulation considering studied environmental parameters.

Findings. Analytical dependences of the nonlinear problem of ballistics and application of finite-element analysis (FEA) with
respect to the cargo motion from the UAV in the presence of the initial speed and wind load in the plane of motion are proposed.
It is shown that the obtained analytical solution is correlated with the direct numerical calculation of the basic differential equation
with respect to the ordinate axis.

Originality. A mathematical nonlinear model of the dynamic process is proposed, assuming the prevailing influence of the
speed function along the ordinate axis compared to the function along the abscissa axis. To obtain an approximate analytical solu-
tion of the basic nonlinear system of differential equations with variable coefficients the asymptotic perturbation method is applied.
The dependence for the axial displacement function is presented considering actual time-flight parameter.

Practical value. The obtained analytical dependencies for estimating the time and distance reaching the target with the initial
speed of movement and the presence of wind load can be used in applied problems of mathematical physics and engineering cal-
culations of functional dependencies and control of the cargo delivery process and target reaching from an UAV. The obtained
analytical results and the solution algorithm can be integrated into applied problems of mathematical physics and engineering

calculations, particularly the development of ballistic system control algorithms.
Keywords: ballistics, FEA, mathematical model, dynamics, UAV, perturbation, aerodynamic resistance

Introduction. Nowadays, unmanned aerial vehicle (UAV)
have been involved in logistics tasks, cargo transportation in
various ways. In connection with the lack of risk of expensive
manned aircraft loss, the use of UAVs becomes relevant.

The use of air vehicles for the cargo delivery in the con-
ditions of man-made disasters consequences liquidation
and the determination of the characteristics of the complex
dynamic systems components, taking into account the aero-
dynamic parameters and the influence of the external envi-
ronment, is relevant from the point of view of improving
their operational characteristics. One of the effective meth-
ods for delivering cargo to a given target is the free-falling
method of dropping from low heights and flight speeds of
the carrier [1, 2].

A significant number of publications in the field of research
is related to the creation of numerical and analytical mathe-
matical models built based on the theory of external ballistics
[3]. The peculiarity of the aerodynamic load is that its value
significantly depends on the shape of the cargo flowing around
the wind stream.
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One of the most important problems of unmanned aircraft
vehicles usage UAV is the delivery of cargo by dropping from
external rigging devices to a strictly predefined target point [1, 2].

However, during the rigging and subsequent dropping of
cargo with the same masses while the parameters and environ-
mental conditions are the same, but with different ballistic
characteristics, there are significant deviations of the experi-
mental data and analytical results [3]. The ballistic model’s
quality of the dynamics process according to the predefined
goal depends on the geometric parameters of the cargo and its
shape, associated with the characteristics of aerodynamic re-
sistance, initial velocity, and wind loading.

To determine the aerodynamic drag forces that act on a body
during a fall, it is necessary to indirectly consider the shape.
However, considering the heterogeneity of the environment,
non-laminar flow etc., the analytical determination of air resis-
tance can introduce a high degree of integral error. The force of
air resistance cannot be expressed by a simple and accurate for-
mula obtained based on theoretical conclusions. Air resistance is
usually determined experimentally. However, the use of numeri-
cal methods of modeling and analysis of the obtained results al-
lows one to increase the accuracy of the obtained data and pro-
vide multi-iteration modeling of the »” number of geometric
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parameters of the body under different initial conditions. When
modeling, it is possible to determine the coefficient of acrody-
namic resistance, as a value proportional to the speed pressure
and the force of air friction along the aerodynamic surfaces using
turbulent flow models. Excluding shape influence, there must be
mentioned some parameter, which facilitates the function of bal-
listics quality influenced by environment and initial conditions.

For the purposes of cargo delivery using UAYV, special on-
board technical equipment is used, which includes navigation,
ground flight support and external suspension devices, etc. Ac-
celerometers, angular velocity sensors, pressure sensors, mag-
netometers, GPS are most often used on UAV’s board, which
allow obtaining objective online information. At the same
time, most UAV in recent years have been modernized from
radio-controlled to semi-fully autonomous control systems.

Therefore, the task of determining the cargo drop point,
considering real flight parameters with time-varying charac-
teristics, is relevant for the development of ballistic system
control algorithms.

Literature review. To ensure accurate dropping of the cargo
at the given point, it is necessary to solve the aiming problem,
which in general consists in bringing the UAV to the calculated
point, which dropping from is ensured that the cargo reaches
the given site. The cargo drop point must be calculated taking
into account the actual flight parameters that change.

In the methodological approach considered in paper [4],
the point of dropping the cargo by parachute from UAV is cal-
culated considering the actual flight parameters, ballistic char-
acteristics of the cargo, the direction and velocity of the aver-
aged wind, the method for determining which is proposed.
However, as practical tests have shown, the ballistic character-
istics do not fully reflect the real properties of the cargo along
the trajectory. As a result, the use of defined ballistic charac-
teristics can lead to a change in the trajectory of the cargo.

As it is stated in [4], the authors have developed methodi-
cal approach to solving the problem of the cargo delivery by
parachute from UAYV, taking into account required longitudi-
nal and lateral coordinates, determination of the release mo-
ment by comparing the current longitudinal and lateral coor-
dinates of the UAV to the specified target point, which ensures
that the cargo will reach the specified point. The position of
the cargo drop point in space can be specified by coordinates.

There are a significant number of publications in the de-
noted research area that are associated with the application of
both the linear [5, 6] theory of ballistics, which allows assessing
dynamic process’s main parameters, and the nonlinear ones [7,
8], in which research results involve the use of special functions,
that complicates engineering calculations to a certain extent.

Thus, in [5], a table is provided of the Lambert function, with
described calculation method, which significantly simplifies the
determination of the flight range of a particle in a gaseous medi-
um with linear resistance to motion and can be concerned as
background for the engineering task in external ballistics formula-
tion. Furthermore, in [7] there is proposed a technique of ap-
proximate integration of ballistics equations, that allows one,
without changing the physical nature of the forces acting on the
particle, to achieve any accuracy of calculations of the parameters
of the particle’s movement in each area. Dividing the obtained
time range into equal intervals simplifies calculations using pro-
posed method. Averaging obtained velocity values accelerates the
convergence of calculations and prevents manifestations of insta-
bility of the solutions. The accuracy of the solutions increases
with an increase in the number of intervals in time ordinates, an
increase in the degree of polynomials and the number of their
refinements, but it is shown that three intervals are sufficient.

However, there are absent solved tasks of external ballis-
tics, which include environmental variables and possible dy-
namic influence of side forces in the free-falling object, such
as dropped cargo.

Purpose. As mentioned above, the purpose of the paper is
development of an approximate nonlinear model for the solu-

tion of the external ballistics problem with determination of
the nonlinear system parameters and development of a meth-
odology for calculating the aerodynamic characteristics of the
cargo, located on the external suspension of UAV in order to
increase the efficiency of their delivery to the specified landing
target by means of asymptotic approach with given parameters
of the studied system and external load.

Methods. In order to obtain a solution to the nonlinear
problem of external ballistics in a two-dimensional formula-
tion, the assumption of a significant influence of the projection
of the velocity function on the ordinate axis in relation to the
component on the abscissa axis should be created. The problem
is reduced to the solution of a related system of nonlinear dif-
ferential equations with variable coefficients along the corre-
sponding coordinates using the asymptotic approach for a small
parameter of the coefficient of frontal aerodynamic resistance.
Development of an effective model by means of analytical and
numerical research algorithms [9, 10], based on a multidimen-
sional nonlinear system of differential equations, generally with
time-varying coefficients [11, 12], is a rather complex problem
of dynamic process management [13, 14]. The resultsin [15, 16]
should be noted, where modeling of the system behavior with a
closed control loop is based on a nonlinear approach [17].

Results. To develop an approximate analytical-numerical
approach to solving the nonlinear problem of external ballis-
tics and develop a calculation algorithm, the calculation
scheme of cargo motion influenced by the external forces at
the point of the trajectory in the one-dimension view, which
are presented in (Fig. 1), is considered.

According to the paper [18], the solution of the problem is
based on a mathematical model, which is described by a non-
linear inhomogeneous differential equation with variable coef-
ficients of the Ricatti equation [17], the general solution of
which requires a partial solution, obtaining which is a rather
difficult problem

V() +e-by-V,(0)-V, (1) =D,
V,(t)=ebV 2 (t)-g ’

Flight dynamics includes several variables, like flying ob-
ject trajectories, as well as issues of stability and controllability
during its movement. The study of trajectory movement tasks
is carried out under the assumption that a flying object is a
material point that moves under the action of applied forces.
While studying the stability and controllability of a flying ob-
ject, it is considered as a material body moving under the ac-
tion of moments of this force system.

Most dynamics problem occur nonlinear properties under
certain parameters of external disturbance. In this paper, a flat
nonlinear system of forces is considered, taking into account
the nonlinear components of the motion of a material point
with time-varying parameters. According to Newton’s second

7 : X
Fig. 1. Scheme of object motion and acting forces along the tra-
Jectory at instant point
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law, the basic system of differential equations of the external
ballistics of the dynamic process under study follows from the
projections acting on the mass forces on the axis of the coordi-
nate system X and Y.

To obtain an approximate analytical solution of nonlinear
differential equations with variable coefficients of the investi-
gated system, the asymptotic perturbation method with a small
parameter is used ¢ [19, 20]

Vi) = Yo(0) + £ Y,(0).

Substituting expression (1) into equation (17) [18], we ob-
tain the following

V) +eY (1) =eby - Yy () +€X,(1) ] -

Multiple coordinate systems are generally required to ob-
tain and understand the dynamic behavior of an air vehicle
and its associated cargo.

Equating the coefficients with the same degrees of the de-
velopment parameter €, we obtain a system of differential equa-
tions for determining the required functions Y,(#) and Y;(?)

g1 Y()=-g dyr)=—gdr; (1)
Vo) =—gt+ Cy;
g V() =hY, ();
V() =b,[-gt+C, ] =h[ g -2¢1C,+C}] . (2)
The result of integration of the equation’s both parts (6)
results in a function Y,(?)

£ 2gC,r’
3 2

Y,(t) —b{gz +c§z}+d1.

Taking into account (1, 2), the velocity function in the
projection onto the ordinate axis turns into the following form

£
V,()=—gt+C, +s~{b0 [g23gC2t2 +CH+ dl}}. (3)
Either
3
V() =gt +b,g* % _egC? +£CH 4Gy,
where
C3 = Sdl + Cz.

Under condition V(0) =0, we get a constant C; = 0. Taking

above mentioned into account, dependence (3) turns into
3
V,(t)=—gt+ sb0g2%+ egC,t? —eC2.

An independent constant C, is determined from the condi-
tion: V,(0) = ¥,(0) + £¥,(0) = 0, which follows: ¥,(0) =0 + C,
and C, = 0. Thus, the velocity function projection on the ordi-
nate axis is obtained in the form

5
V,(t)=—gt +¢b)g’ 3

The corresponding displacement projection function on
the ordinate axis is calculated by the formula

jV(z)dt— g +sbg—+C*

Under the condition S,(0) =~/ the desired constant equals
to C'=—h.

The function of the corresponding projection displace-
ment appears as follows

4

S,()=-h-g—+ebg"—
(0 g2 Soglz “

In two approximations of the asymptotic solution with re-
tention of a small parameter of the second order represents
Vi(t) = Vo(t_) +&Vy(t) + €2Vy(f) + ... velocity projection function
V,(¢) turns into the form

V (t)——gt+K0g[3—K t5) (5)

3 45

Under condition (11), the equation for obtaining the ve-
locity function in the direction of the X-axis is determined
from the nonlinear equation (4) [18]

‘”;(’) FAWW (1, (1) =D, (6)

Take
J
A(t)=gb,- —gt+sb0g2§ . (7)

Equation (6) is an inhomogeneous differential equation
with time-varying coefficients, the solution of which is ob-
tained by the standard procedure for solving inhomogeneous
equations of the first order from the desired function

V#) = ug(t) + u'(1), (8)
where () and u”(¢) are the general solutions of a homoge-
neous and a particular inhomogeneous differential equation,
respectively.

General solution of a homogeneous differential equation
uy(?) is obtained by the following steps

dVv. (1) , Py
= +A@t)-V (1)=0; &)
duy(t) _ duy(t) _
" —A(t)-uy(1); pY —A(t)dt;
J'dllo(t) J‘A(t)df+c4, ]n|u0(t)| JA(t)dl+C4;
0

e[—JA(t)dHC ] _

c .e—J'A(t)dt e .e—J'A(t)dty

uo(t):

where C =e
Applying the procedure of the arbitrary constants variation
method, the inhomogeneous equation partial solution results (6)

W) =Cylr)-e” (10)
i (1) =Cy(t)-e O LA 1O )

Considering (9, 10) after simplification and transforma-
tion, equation (7) takes the form

Cy(0)=[@, - ar +C,. (12)

[ A(tydt |

Substitution (11) to (9) gives the partial solution z*(f) in the
form of

w ()= U@O el 10 gy +C6]~e*I A

Considering (8) and (12) in equation (6), we obtain the de-
pendence for the velocity projection function on the abscissa

V. (1)=C;s 'eijA(t)dt +C -ei-[A(I)d’ +67!A(’)d’ B _J'eIA(r)dtdt _
=(C; +C6),e—jA(r>dz +e—J'A(t)dt 2, .J‘eJ'A(t)dtdt,
from which

V(ty=e JA0 [dz +@,-fel A(’)d’dt},

where d, = ¢5 + ¢4.
Constant d, is determined by the conditions of the external
environment parameters ratio. In case V,(0) =V, F V,,

V(O)=e -[d,+@,-0]=V,

WX’
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from which
d2 = I/Cl * wa'

The resulting relation for the velocity projection function
V.(#) turns into

V.(1)=e 1104 ~[(V0 T, )+ D, [el A(’)‘”dt}.

The corresponding displacement function S,(7) is deter-
mined from the dependence

5= {e*f Aand -[(V0 )+Dy | el A(')d’dt}}dt+d3.

Subject to S,(0) = 0 and after the conversions
2
SX(O):{(VO TV, )1+, -%+d3},

where d; = 0.
The final dependency for the motion function S,(7) repre-
sents in the form

5.0=[ {Il(t)-[(VO FV,)+ [ Iz(t)dt]}dt,
which 7,(t)= e—_[A(t)dt; L) = eJ.A(I)dt'

Determining the dependence of the time on which the
cargo reaches its target #; accepts, according to formula (13),
the condition under which §,(#,) = 0.

Under this condition, we obtain an equation of the form
o612

eb,g ebyg

. . . 6
After entering the designations p=——, ¢= 3
eb,g eb,g

it will
be reduced to the form
t'=p-1}-q=0.

The dependence of the time to reach the target on the
height of the release from the UAV, aecrodynamic characteris-
tics and wind load is determined by the formula

1/2
t, ={ki~[l+4/1+i31<°/gﬂ ,
0

where K, = ebyg — coefficient of the cargo “aerodynamic
quality”.

Fig. 2 shows the dependence of the falling time on the
constant parameters of the studied system and the height of
the release.

It should be noted that the accuracy of achieving the target
also depends on the influence of the wind load projection
along the lateral coordinate Z, which can be calculated simi-
larly to the case of the wind load component by coordinate X.

The general effect of the side load is calculated as JS;Z +57 2
%2

0.5
< s
S= S;2+S;2:S;[l+ﬁj = §i(1+a*)",

*

where a=—*%.
V.

*

X

Fig. 3 shows the qualitative dependence of the vertical dis-
placement on the K, parameter and the time of fall.

A comparison of the proposed approximate solution with
the direct numerical integration of the nonlinear differential
equation (5) [18] is shown in Fig. 4.

As depicted in Fig. 2, uneven surface of the falling time
function influenced by K, and the surface parameters distribu-
tion are subject to numerical simulation initial data at the giv-
en moment of time.

Fig. 2. Three-dimensional surface of the dependence of the fall-
ing time on the parameters of the studied system and the
release height

Fig. 3. Dependence of the vertical movement on the K, param-
eter and the time of fall

For initial numerical integration, graphical three-dimen-
sional surface representation of the K, influence (Fig. 3) de-
scribes the effective time in range up to 6 s.

The results of the comparison of approximate analytical and
direct numerical solutions show that according to the first ap-
proximation of the nonlinear component of the differential equa-
tion for the vertical velocity function, the maximum difference is
25 %, according to the second asymptotic approximation — 11 %.

Conclusion. A mathematical model and an approximate
analytical approach with the use of computer algebra of the
nonlinear problem of the cargo external ballistics in the pres-
ence of initial velocity are proposed. This allows determining
the parameters of the dynamic system functioning under con-
ditions of atmospheric pressure and wind load. At the same
time, it is possible to consider the side force, associated with
the angular rotation of the falling body (Magnus effect). The
results of the numerical analysis in two asymptotic approxima-
tions to the nonlinear component of the solution of the basic

W
7 2 E] 4 5

5L

by

5 second aoprox
2 \\f/fs/ approx.
251

jﬂ‘ .

» numerical salufion

Fig. 4. Results of comparing the approximate solution with di-
rect numerical integration
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nonlinear differential equation with respect to the velocity
function in the projection on the vertical axis coincides with
the direct numerical calculation enough, from the point of
practical application. To solve the investigated problem in the
case when the properties of the system and the environment
depend on time, it is possible to use a hybrid asymptotic ap-
proach based on perturbation and phase integrals methods.

The obtained analytical results and the solution algorithm
can be used in applied problems of mathematical physics and
engineering calculations, in particular, the development of
ballistic system control algorithms.
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Merta. Pospobka HaOMMXKEHOI HeNiHIdHOI Mofei
PpO3B’s13KY 3aJa4i 30BHILLIHBOI 0aJIiCTUKY 3 BUBHAYEHHSIM I1a-
paMeTpiB HeliHIMHOI CUCTEMM Ta METOIUKM PO3paxyHKy ae-
POIMHAMIYHMX XapaKTepPUCTHUK BaHTaXy, pO3TalllOBAHOTO Ha
30BHIILIHIX MiABICHUX MPUCTPOSIX OE3MiJIOTHOIO JIiTAJIbHOTO
amaparty (BITJIA) nas minBuiieHHs e(eKTUBHOCTI X 1OCTaB-
KU Y BUBHAUEHY TOUYKY MPU3EMJICHHS IIJISTXOM aCUMIITOTHY-
HOTO MiAXOAy i3 3alaHUMHK TapaMeTpaMu JOCIiIKyBaHOI
CHCTeMHU i 30BHIIITHHOTO HaBaHTaXKEeHHSI.

Metoauka. CTBOpeHHsI e()eKTUBHOI MOjeJli BUKOHYBA-
JIOCh i3 3aCTOCYBAaHHSIM aHATITUKO-YUCEIbHUX aJTOPUTMiB
JOCJIIXKEHHSI, 1110 0a3yeThcsl Ha HEJiHIMHIN cucTemi nude-
peHIliaIbHUX PiBHSHb Y 3arajibHOMY BUIJISII 31 3SMiHHUMMU 32
yacoM KoediuieHtamu. s BUpilleHHs HeliHiiHOI 3amayi
30BHIIIIHBOI OaJIiCTUKK y ABOBUMIPHiil MOCTAHOBII yBeleHe
MPUITYILEHHST 100 iCTOTHOTO BIUIMBY IPOEKII (DYHKIIIT
LIBUAKOCTI Ha BiCh OpAMHAT BiTHOCHO KOMITOHEHTH Ha BiCh
abcuuc. BupimeHHs 3agavi 3BeIeHO 10 PO3B’3KY CUCTEMU
nudepeHilialbHUX PiBHSHB 3i 3MIHHUMM KoedillieHTaMu 3a
BiMOBIAHUMU KOOPAWHATAMU 3 BUKOPMCTAHHSIM aCUMIITO-
TUYHOTO IMiIXOMY JJIsl MaJIoro MapameTpa KoedillieHTa aepo-
IuHaMigyHoro oropy. MopMyiioBaHHs 3amadi BUKOHAHE 3
ypaxyBaHHSIM JIOCTIIDKyBaHMX TlapaMeTpiB CepeloBHUINA,
MPUKJIATHOTO MaTeMaTUYHOTO aHai3y i MOJETIOBaHHSI.

Pe3yabraT. 3arporoHoBaHi aHAJIITUYHI 3aJIe3KHOCTI He-
JIiHIMHOI 3aJa4i 0aJliCTUKKY 1 3aCTOCYBaHHSI METOAY CKiHYe-
Hux enemeHTiB (MCE) mis BU3HAuUeHHS MapameTpiB pyxy
BaHTaxy i3 BITJIA 3a HasBHOCTI IMOYaTKOBOI LIBUIKOCTI Ta
BITPOBOI0O HaBaHTaXKEHHs y TUIOIIMHI pyxy. BuzHaueHo, 110
OTPUMAaHMI aHAJITUYHUI PO3B’SI30K CITIBBIAHOCUTBCS i3
MPSIMAM YWCETBHUM PO3PaXyHKOM OCHOBHOTO IU(epeHIli-
aJIbHOTO PiBHSIHHS BiJHOCHO OCi OpJIMHAT.

HaykoBa HoBM3HA. 3arporioHOBaHa MaTeMaTU4Ha HeJli-
HiliHa MoOzeJIb AMHAMIYHOTO MPOLIeCy, 1110 repeadayae rnepe-
BaXXalouuii BIUIMB (DYHKIii NIBUAKOCTI MO OCi OpAMHAT Bifl-
HOCHO (PYHKIIiT 1o oci adbcuuc. J1yist oTpruMaHHs HAOJIMXKEHO-
IO aHAJIITUYHOrO PO3B’SI3KYy OCHOBHOI HENiHIHOI cuctemMu
nudepeHLiaTbHUX PiBHSAHD 31 3MIHHUMHU KoedillieHTaMu 3a-
CTOCOBAaHO METOJ aCUMITOTUYHOTrO 30ypeHHs. 3ajeXHiCTh
17151 PyHKIIT TTepeMillleHHST 32 KOOPAMHATOK aOCIuC TMpe-
CTaBIIIETBCS 3 YpaXyBaHHSIM pPealbHUX MapaMeTpiB MOTbOTY
3i 3MiHHMMM y 4aci XapaKTepUCTUKAM.

IIpakTiyna 3Ha4umicTb. 3100YTi aHAITUYHI 3a71€XKHOCTI
OLIIHKM Yacy i BiICTaHi JTOCSITHEHHS TOYKU MPU3EMJICHHS
MpU MOYATKOBIM IIBUIAKOCTI PyXy Ta HAsBHOCTI BiTPOBOIO
HaBaHTaXXEHHS MOXYTh OyTH BUKOPMCTaHi Y MPUKJIATHUX 3a-
Jlagyax MaTeMaTU4YHOI (hi3UKU, iIHXKEHEPHUX PO3PAXYHKaX, Ke-
PYBaHHS MPOLIECOM JOCTaBKU BaHTAXY i1 TOCATHEHHS TOYKKU
npusemiaeHHs i3 BukopuctanHsiM BITJIA. OrpumaHni aHami-
TUYHI Pe3yJIbTaTU Ta aJTOPUTM PO3B’SI3aHHS MOXKYTb OYyTH
iHTerpoBaHi y MpUKIaAHI 3a1a4i MaTeMaTuyHoi (i3uku Ta
IHXXEHEpHUX PO3paxyHKiB, 30KpeMa pO3pOOKU aJrOpuTMiB
KepyBaHHS 0aTiCTUIHUMU CUCTEMaMU.

KoouoBi ciioBa: 6aricmuka, memoo CKiH4eHUX eaeMeHmie,
Mamemamuyna mooennv, ounamika, BIIJIA, 36ypenns, aepoou-
HamiuHuil onip
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