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gree and prognostication of next-generation wagon under-
carriage evolution. Review of the examples of application of
the idealistic strategy of improvement of the undercarriage
of railway universal freight gondolas.

Methodology. The research employed the law of tech-
nical systems ideality degree increase and approaches of
theory of inventive problem solving. Thus, the ideal freight
carriage was considered an ideal construction or ideal men-
tal/virtual object, which serves a base for the concept of
freight carriage and determines its essence. It is character-
ized by the indices and parameters that may provide trans-
portation of maximum load with minimum/zero conversion
cost and running expenses with certain production base and
plying itinerary. We carried out the technical evaluation of
the existent and promising freight carriages, construction
troubleshooting, and suggested possible approaches to ideal
implementations.

Findings. A general formula for the evaluation of
freight carriages ideality degree was formulated and worked
out in detail for the module of basket. Ways of improvement
of techno-economic and operating indices of the freight
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wagon undercarriage were determined. The approaches to
design of freight carriages of new generation have been
suggested.

Originality. We offered the new aspect of freight car-
riages design based on the idealistic strategy of development
of technical systems. We gave a scientific rationale for the
necessity of the development of new-generation freight car-
riages and made the prognosis of possibility of its imple-
mentation.

Practical value. The forecast of stages of evolution of
the freight gondolas undercarriage may serve a basis for
subsequent research and experimental works directed on the
development of designs with improved techno-economic
and operating indices (models of new generation), for ex-
ample drafting of the proper technical design specifications.
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riage evolution prognosis
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TA HEJITHIHHOI TEOPII ITPYKHOCTI

Purpose. To develop analytical method for complex properties constructions calculations. To study viscoelasticity influ-
ence on construction stress-strain state and the possibility of considering final deformations.

Methodology. The mathematical model of tree-dimensional problem on load transfer from supporting element to the vis-
coelastic massif was constructed.

Findings. The circle of analytical solutions for nonlinear elasticity and linear viscoelasticity theory problems was extended
by means of elaborating perturbation method.

Originality. The asymptotic method for three-dimensional linear viscoelasticity of orthotropic bodies problems solutions
or for nonlinear problems was elaborated. Analytical solutions of new problems on load transfer through supporting element
to the viscoelastic material massif in spatial statement were received.

Practical value. The method suggested allows passing from the solution of the complex mixed tasks of mechanics to the
consecutive solution of potential theory problems, which is the most developed section of mathematical physics. The solutions
of a range of new complex challenges received due to the offered approach provide an opportunity to analyse stress-strain
state of bodies with supporting elements. These results can be used in engineering calculations of piles foundations and sub-
structures.

Keywords: loading transfer, perturbation method, elasticity theory, viscoelasticity, nonlinearity, spatial and flat problems

Problem statement. Modern constructions and mech-
anisms, which are used in mining, have a complex of prop-
erties. The aggressive environment and use of new technol-
ogies require previous estimates of the construction stress-
strain state. Analytical solutions of the corresponding prob-
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lems can be used to do this. Models to find such solutions
have important positive qualities (simplicity and clarity),
but may lack quite clear range of applications.

Recent research analysis. The methods of small pa-
rameter (geometric or physical) are widely used in the elas-
ticity theory. The effective approaches have been suggested
by V.M. Alexandrov, 1.I. Vorovych, A.L. Goldenveiser,
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O.M. Huz, A.S. Kosmodamianskii, S.G. Lehnytskii,
Yu.M. Nemish, G.Y. Popov. The paper by L.I. Manevich
and A.V. Pavlenko [1] describes the asymptotic analysis of
equations of elasticity theory of orthotropic environments
conducted using parameters that characterize the anisotropy
that would resolve a number of problems.

Determining the unresolved aspects of the problem.
The asymptotic analysis is effective mathematical apparatus,
which enables us to construct reasonable approximation
equation and evaluate the application of different hypothe-
ses [2, 3]. Obviously, requirements of engineering practices
can be satisfied through the development of numerical
methods and the results using a computer, but the need of
analytical solutions is very significant. That is explained by
the fact that the account of the real material properties, such
as anisotropy or viscoelasticity and, particularly, nonlinear,
leads to significant mathematical difficulties.

Task statement. In the cases mentioned above, the ap-
proximate analytical solutions helpto find problems qualita-
tive features, to get asymptotics, to analyse critical points,
and are often the basis for numerical calculations.

In this regard, it is necessary to generalize the approach
to the solution of plane and spatial problems of elasticity
based on finite deformation or physically nonlinear elastici-
ty theory. Using the developed method of research, we can
expand the range of problems of nonlinear and linear elas-
ticity theory (viscoelasticity) which can be solved by ana-
lytical methods.

The basic material statement. The proposed research
method. Let us state the foundations of the asymptotic
method for three-dimensional linear viscoelasticity theory
problem.

It is assumed that the material is orthotropic regarding
both elastic and viscoelastic properties. The main directions
of rectilinear anisotropy coincide with Cartesian coordinate
axes X, J, z. The viscoelastic material properties are de-
scribed with creep incremental nuclei. The relations be-
tween strains and stresses in such a material are as follows

€11 =8 U8 — 01383 5, =

t
—;{Uﬁ +IKU (t—r)cr,-,-dr}, (i=1,2,3);
i
0

t
1
e =—|0y +J.Kn(t—r)6ijdr s
Gy
0
(i=2,j=3n=Li=1,j=3n=2i=1,j=2,n=3);
VB =0y By, U3Ey = Uy K3, 31 E3 =03k,
K =K1, Koz = K3, K31 =Kj3. O

To receive e,,,e,, it is necessary to make the circular
replacement of indexes in ¢, . For creep nuclei approxima-
tion, the following analytic expressions are used:

Ky (t-7)=k; (t—r)aif_] exp[—ﬂ[j (l‘—T):' ;

Ki(i=2)=k; (=) exp[ -7 (1-7)] :
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After applying the Laplace transform in time t with pa-
rameter p for expressions (1) and substituting the expres-
sions for connecting stresses and deformations in the equi-
librium equation, we come to the integration of the latter
regarding the transformant movements

Uy + &y, +EQU, +EMVy, +Emhw,, =0

EVie FqVyy, +ELV FEmyllyy, +Em3lywy. =05 )
Sllﬁ/xx + Slzwyy + qlwzz + £m4llﬁxz + €m512\7yz =0 5

€:£*F3 (p)/Fil(p),E* =G12 /El,

where 1,;,m,m;,q,q, are known factors that are expressed
through the functions F;(p).F; (p)and stiffness properties
of the material. Indices x, y, z in equations (2) further de-
note differentiation according to the relevant variables.

Equations (2) are similar to equations of equilibrium in
elastic orthotropic body movements; under the asymptotic
analysis, the smaller parameter is to be chosen. Such para-
meter is &, because it is really small for real orthotropic
materials. However, if the value of the Laplace transfor-
mation parameter p does not match zeros and poles of the
function /5 (P)/F1(P) , then this ratio does not exceed a unit
and ¢ can be selected as a small parameter. Suppose p is not
a critical point and is a small parameter is equal to €.

In order to consider possible relations between the
components of the displacement vector and velocity of
their change according to the coordinates, affine transfor-
mation variables that depend on g are introduced

&= ag%xﬂl:y,gl :Zﬁ:U(l) ;
5 W) = o), 3)
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1
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i s200) 5220 g0 (5)

According to these changes, it can be assumed that the
solutions of corresponding equations have different proper-
ties, namely: the solution of the system obtained from (2)
after introducing (3-4) or (5) changes relatively more slow-
ly by coordinate x (v or z) than analogous system solutions
obtained after the application of other transformations.

The solution of the initial boundary problem is found as
a superposition of components that correspond to the speci-
fied stress-strain state types.

Functions y(") (") (") (n=1,2,3), and the coefficients
o By are presented in the form of the series by parameter
;)

o) (4100) (1)) = is A (7] (o), (1=1:2:3); (©6)
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After applying transformations (3-5) to equation (2)
with (6,7), we obtain three systems of equations for func-
tions y/ yiJ wii(i=1,2,3;j=0,..,n,..). In the zero approx-
imation, basic functions 0, >0, 39 are found from the
Laplace equations, all others (auxiliary functions) are found
with basic ones using simple integration.

A theorem is proved according to which if the unknown
coefficients o ; = g, =y, (at g =g, =1) are found with the

formulas

k=0

J=4
[
a0=1,aj=§m a)j_4+2aka)j_k_4 5
s=2

Oy =0y +(1_m)2(2an _cn)ws—n—Z 5

n
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then the basic functions '/, y%/ w3/ of each approxima-
tion are found from the Laplace equations and auxiliary
functions are expressed in terms of the basic integration

AUM =0, vl = i (UM )
nggj - (Ul,j,Vl,j—Z’Wl,j—Z) .

AV =0, UY = f (PPIUP )
Wgzg’j - (VZ,j,UZ,j—Z,WLj—Z) .

AW = 0, U;’fj =f (W3,./"U3,j*2’ V3,j*2) .

3 - (i a2 a2
vl = fo (W U2y )

The method effectiveness. Thus, the method effective-
ness depends on the ability to formulate boundary problems
to determine basic functions.

It is shown that this can be done in many cases. In par-
ticular, if the tension on the bounding planes x = const is
known

611 =h(y.2.p). 612 =0 (¥.2.p) ;
613 =03 (y.2.p)>

boundary conditions for the basic functions have the fol-
lowing expressions

V2 =gy ~UY + /i (0(j-3)) :
W=V (o).

In the zero approximation (j = 0) the boundary condi-
tions for U’ do not depend on higher approximations and
solutions of stress state equations of types two and three.
Therefore, function U’ is found independently and ¥,
W*? are determined by simple integration through U*’. Af-
ter that boundary conditions are formulated for finding oth-
er basic functions V2%, W*’ with Laplace equations. Having
solved the boundary value problems and defined all auxil-
iary functions, one can obtain boundary conditions for find-
ing U*' and so on. Similar results occur for second basic
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and confounded boundary problems. Correlation between
the three types of stress-strain state is performed through
boundary conditions for tangent stresses.

Thus, boundary problems of orthotropic linear viscoe-
lasticity solids are reduced to consistent solution of bounda-
ry problems of the potential theory.

The solution of new problems using the proposed ap-
proach. The space problem of viscoelastic orthotropic se-
mi-infinite body was considered, in which half-infinite
elastic rod of rectangular cross-sectional area is placed and
constrained closely with it; its area is small enough (i.c.,
thickness and half-width are small enough). Lines of the
body anisotropy coincide with coordinate axes x,y,z. Mid-
line inclusion is perpendicular to the plane which limits the
half-space and coincides with the axis Ox .

It is necessary to determine the law of distribution con-
tact stresses between the rod and half-space when the end-
point inclusion has concentrated force p, directed along the

axis of the rod. The force is applied to starting point and
then remains constant.

It is assumed that the half-width is so small that in the
contact tangent stresses ¢, can be neglected, i.e. only tan-
gent contact stresses o, (x,z) are active in strip connections

inclusion of half-space.

In this problem the model of one-dimensional elastic
rod is combined with a model of contact for the area in
half-space where the law of distribution of contact stresses
is given with a formula

opa(x,z)= T(x)/(ﬂ\lbz -z%),

where z(x) is stress per unit of the inclusion length which

must be determined. With these assumptions, it follows that
in any cross-section of the rod axial stresses (x)are con-

centrated along the midline plane of contact.

In this formulation, the problem reduces to the integra-
tion of the half-space equilibrium equations with the fol-
lowing boundary conditions

o =0 =03=0 (x=0);
u=u;, w=v=0(y=0,z=0).

At the infinity, all functions revolve to zero. Here E, is
elastic modulus of the inclusion material, J6(x)is Dirac
function, p is Laplace transform parameter.

Tangent stress 61, (x, y) is determined only by function
Uy,,as V=0 (V,=0) with y =0, with

G2(x%, ) =2GF (p)Uy,

The Cauchy problem solution can be obtained using the
Fourier transforms. Returning to the original, we get

G=Gyy-
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where 1,(0),K,(0) are modified Bessel functions, N(x)is
Laplace transform efforts rod. The inverse Laplace trans-
form defines tension N and 7 based on the coordinates and
time. To move to the original, let us present tension 7(x) in

the form of series in a small parameter &, which depends
on p

T(x,p) = |:T0(x) T (X)en + Ty(0)e2 + ‘.}/p ,

where T presents either tension of N or 7 .
The last formulas can be written for p when setting

takes large values (corresponding to small values of time ¢ ),
or when parameter p takes small values (large amount of

time f).To obtain the originals of functions at arbitrary
time values, two-point Padé approximant can be used.

The perturbation method for nonlinear elasticity prob-
lems. The analysis has been conducted regarding the rela-
tions between strains and movement of orthotropic body
within the plane of the task elasticity theory considering fi-
nite deformations.

ou 1|(ou} (ov)
el =—+t—=|| —=— +| — 5
dx 2|\ dx ox
v 1|(du ’ ov ’
€y =——+—|| — + 5
Jdy 21\2y ay
Ju v Jdudu JvIv

epp=—F—t———+——.

oy Ox JOdxJdy JOxdy

It is shown that after the introduction of reforms

&=pe%x, =0y

u=eivl) =0l (1=12)

two types of strain state with different properties (as for a
linear problem)can be detailed. Connection between these
states is carried out through the tangential component strain
that contains equal components of both types. Two types
of stress state are distinguished, which correspond to speci-
fied types of strain, with tangents strain containing identical
components of both types.

The equilibrium equations asymptotic integration is
shown

[(Hufx)o—“-*—@} X+[(1+ux)012 +u},a22]y:0; ®

|:vx0'11 +(1+vy)0'12}x+|:vx0'12 +(1+2)o‘22}y=0 .

Considering the equation without underlined members
and the value of G/E (as a linear formulation) for small pa-
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rameter, one can split stress-strain state into two components
with different properties after applying transformations.
The functions U7, ¥76=12) and coefficients ¢,w,, are

defined in the form of series by parameter &( ¢, = =1).

With the same degrees of & coefficients, one can select
.0, SO that the basic functions %, V" in each approxi-

mation are defined with the Laplace equation. Auxiliary
functions are found using basics of integration.

If general equations (8) are considered, in the zero and
first approximations basic functions are found from the La-
place equations; to obtain higher approximations it is nec-
essary to solve the Poisson equation, the right side of which
contained the known functions of the previous approxima-
tions. In this case, we have a preference, because it is well
developed boundary value general solving methods prob-
lems for such equations.

The analysis of boundary conditions was conducted; it
shows the possibility of their formulating for basic func-
tions.

The model problem solution. The model problem is
solved on normal load action

__h_«a

on=-—_
T a2+y2

for the boundary (x = 0) elastic orthotropic half-plane (x20,
| y|<oo) without tangent stress at the boundary. The ob-
tained displacements and stresses values, such as normal
stress o;" on the line y =0, are

1 g%tl

of = +C

+
1+5%’1 (1+g%t1)2

te| ————————— |+

1 -1
1+£At1 l+¢ Al‘l
of =—oymal By,C =Py /4xEa,n =X
a

The item containing € describes the contribution of ge-
ometric nonlinearity.

Figure shows the normal stress at y=0 if &= 0.1 (solid line),
&= 0.35 (dashed line). Curves 1 correspond to the linear set-
ting problems; curves 2 take into account the final strain.

Conclusions and prospects of further development.
The perturbation method proposed to solve nonlinear dif-
ferential equations in partial derivatives, has both theoreti-
cal and practical significance, is universal and can be ap-
plied for the analysis of various problems of mathematical
physics.

The developed approach can be applied to solve the
problems in which residual strain plays a significant role
(bending of thin plates and shells). In the considered model
problem, we succeeded in distinguishing the contribution
of geometric non-linearity, but the class of problems con-
sidered above demonstrates the effectiveness of the method
more clearly.
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Fig. The normal stress change

The new solutions of complex problems obtained due
to the proposed approach allow one to analyse the stress-
strain state of multi-layered bodies ith straighten elements.
These results can be used in engineering calculations of dif-
ferent constructions, foundations and layered bases.
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Mera. Po3poOka aHANITHYHUX METOMIB [UIA pO3pa-

XYH-KiB KOHCTPYKIIiH, MaTepial SKUX Ma€ CKJIaTHHIHA
KOMIUIEKC BJIaCTMBOCTeH. BUBUEHHS BIUIMBY B'SI3KO-
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NPY’KHOCTI Ha HarpyXeHo-1eGopMOBaHUH CTaH KOH-
CTPYKLIT Ta MOKJIMBOCTI BpaxyBaHHsl KIHIIEBUX Jedop-
Marlii.

Metonuka. [ToGynoBana MmareMaTHyHa MOJEIb MPOCTO-
POBOI 3aadi Mpo Tepenady HaBaHTAKCHHS B TiIKPIILIIIO-
I04OTO €JIEMEHTY JI0 B'SI3KONPY’KHOTO MAcHBY. 3alpOINIOHO-
BaHO METOJ /U1 BHPIMICHHS 3aBOaHb TEOpil MPYKHOCTI 3
ypaxyBaHHSIM T€OMETPHIHOI HETHIIHOCTI, IepeBIpeHIH Ha
TECTOBHX 3aBJIAHHSX.

Pe3yabTaTn. Posnmmpene xojo 3aBIaHb HEMiHIIHOI Teo-
pii PY>KHOCTI Ta JiHIHHOT B'S3KOIPYKHOCTI, 1110 MOYKHA PO-
3B’S13aTH aHAJIITHYHIMH METOAAMH, Ta po3polIeHi cami Me-
TOAM 30ypEHHSL.

HaykoBa HoBu3HA. P03po0ieHnii acHMITOTHYHIN Me-
TOJI BUPIIICHHS TPUBUMIPHUX 3aBIaHb JIHIHHOI B’S3KOIpY-
JKHOCTI OPTOTPOITHMX CEPEIOBHILL, 3AIIPOTIOHOBAHHIT METOJT
30ypeHHs [UIs JOCIIDKCHHS 3aj1a4 3 YpaxXyBaHHSIM CKiHYe-
HuxX Jedopmariid. OnepkaHi aHAITHYHI PO3B’SI3KU STy
HOBHX 33j1a4, a came, Ipo Iiepeady HaBaHTaKCHHS yepes3
T IKPITUTIOIOY M €JIEMEHT JI0 MacHBY 3 B'SI3KONPYKHOTO Ma-
Tepiayly y IPOCTOPOBIH OCTaHOBLII.

IpakTHyHa 3HAYUMICTh. 3aITPOTIOHOBAHUI METO J0-
3BOJISIE TIEPEUTH BiJl PO3B’SI3yBaHHS CKJIAHUX MIITAHUX 3a-
JIad MEXaHIKH{ JI0 TIOCIIIOBHOTO PO3B’I3yBaHHS 3a1ad Teopil
TIOTEHITIaITy, 10 € HAHOUTBIIT PO3pOOICHIM PO3IISIOM MaTe-
MatrgHOi (i3ukn. OpmepiKaHi 3aBIIKH 3alPOTIOHOBAHOMY
MIXOMy PO3B’SI3KM PsITy HOBUX CKIAJHMX 3a]ad JaloTh
MOKJIMBICTh aHaJIi3yBaTH HaIpy>KeHO-Ae(OPMOBaHUNA CTaH
TUT 3 MiIKPIUTIORYMME eeMeHTamu. Lli pe3ynsraté Mo-
’KyTh BUKOPHUCTOBYBAaTHCS B IH)KEHEPHHMX PO3paxyHKax Ia-
JIbOBHX (DYHIAMCHTIB Ta ITiBAJIMH.

KirouoBi cioBa: nepedaua nasanmagicenms, memoo
30ypenHs, meopis NPyAICHOCHI, 6'A3KONPYICHICMb, HETiHili-
HICMb, NPOCMOPO8i Ma NAOCKI 3a0aui
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Hennb. Pa3paboTka aHATMTHYECKUX METOIOB JUIS pacue-
TOB KOHCTPYKLUM, MaTepuan KOTOPbIX HMMEET CIIOXKHbIH
KOMILIEKC CBOMCTB. M3ydeHne BIUAHMSA BI3KOYIPYrOCTH Ha
HaNpsDKEHHO-Ie(hOPMHUPOBAHHOE COCTOSHUE KOHCTPYKIIMH
¥ BO3MOKHOCTH y4€Ta KOHEUHBIX JIe(hOpMALIHIA.

Meroauka. Iloctpoena MateMaTuueckast MOJENb MPO-
CTPaHCTBEHHOH 3a/1auyl O Mepefade Harpy3KH OT MOJKPET-
JISFOLIETO AJIEMEHTA K BS3KOYIpyromy maccusy. IIpemo-
JKEHHBI METOZ AJIs1 PELIEHUs 3a/lad TEOPUH YIPYIOCTH C
YYETOM T'€OMETPUYECKOM HENMHEHHOCTH IPOBEPEH Ha Te-
CTOBBIX 3a/1a4ax.

Pesyabrarel. Pacimpen kpyr 3agay HEJIMHEWHOU Teo-
pUM YOPYrOCTH M JIMHEWHON BSA3KOYIPYTOCTH, KOTOpBIE
MOKHO PEIINTh aHAJIMTHYECKUMI METOJIAMH, Pa3pabOTaHbI
CaMU METO/IbI BO3MYIIIEHHUSI.

Hayunast HoBu3Ha. Pa3zpaboTaH acUMNTOTHYECKHH Me-
TOJ, PELICHUs] TPEXMEPHBIX 3a/1au JIMHEMHOHN BA3KOYIpPYyro-
CTH OPTOTPOIHBIX CPel, MPEMIOKEH METOJ BO3MYLICHUS
JUISL UCCIICZIOBAHMS 33/1ad C YYETOM KOHEUHBIX aedopma-
uuil. I[lomyueHs! aHATUTHYECKUE PEILIEHUs PAAa HOBBIX 3a-
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Jia4, a IMEHHO, O Iepeiaue Harpy3Kd 4epe3 MOJKPEIIsio-
M 3JIEMEHT K MacCHBY W3 BS3KOYIPYroro MaTepuaja B
MIPOCTPAHCTBEHHO! MTOCTAHOBKE.

IIpakTnyeckas 3HaYNMOCTb. [IpenioxKeHHBIN METO
TIO3BOJISIET MEPENTH OT PEILICHHS! CIIOXKHBIX CMEIIAHHBIX 3a-
Jla4 MEXaHUKH K TI0CIIe/I0BATEIbHOMY PEILIEHHIO 33714 TeO-
pHU MOTEHIMANA, KOTopast sIBjseTcst Hanbosee paspaboTaH-
HBIM pa3jenoM MareMartudeckoi ¢usuku. IlomyueHHbre
Omarozmapsi TPEIIOKEHHOMY TOAXOMY PEIICHHs psaa Ho-
BBIX CJIOKHBIX 3aJa4 JAlOT BO3MOXKHOCTH QHAJM3UPOBATH
HAIpsDKEHHO-IePOPMHUPOBAHHOE COCTOSIHUE TEN C TIOJ-
KPCIULIIONIIMH 3JIEMEHTaMH. OTH PE3YIIbTaThl MOTYT FC-
TIOJTK30BATECS B MEDKEHEPHBIX pacueTax CBalHBIX (yHa-
MEHTOB U OCHOBaHHI.

KaroueBble cioBa: nepedaua HaspysKku, memoo 603-
MywjeHus, meopus ynpy20cmu, a3K0VHpY20Cmb, HeluHel-
HOCMb, NPOCMPAaHCMeenHble U NI0CKUe 3a0aiu
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