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APPLICATION OF MATHEMATICAL MODELLING METHODS
IN OIL PRODUCTION MANAGEMENT

Purpose. To assess the eff ectiveness of the practical application of mathematical modelling methods of the operation principles 

of oil production management systems in a fuzzy environment and the main aspects of their application in oil production.

Methodology. The basis of the methodological approach in this study is a combination of methods of quantitative and qualita-

tive analysis of the basic principles of the development of mathematical models for managing oil production processes in a fuzzy 

environment.

Findings. The authors investigated the available methods of mathematical modeling in order to select the optimal possibilities 

for creating mathematical models. A qualitative assessment of the eff ectiveness of the practical application of methods of mathe-

matical modeling of the principles of operation of oil production management systems in a fuzzy environment was formulated. The 

main aspects of application of methods of mathematical modeling directly in the process of oil production were established.

Originality. A fuzzy approach is proposed for solving the problem of multi-criteria optimization in the development of a fi eld 

and oil production, in which the task is set and solved in a fuzzy environment without previously converting them to equivalent 

clear tasks. This ensures the correctness and effi  ciency of the solution by increasing the adequacy of the description of the problem 

in a fuzzy environment.

Practical value. The results obtained and the conclusions formulated on their basis are of considerable practical importance for 

employees of research institutes of the oil industry responsible for the development of eff ective methods of mathematical model-

ling of oil production process control systems and for employees of oil companies whose professional duties include the introduc-

tion of the mentioned mathematical models in oil fi elds.

Keywords: mathematical models, oil industry, oil production management

Introduction. The eff ective functioning of the oil-produc-

ing industry is the main condition for the development of the 

economies of many countries of the world. Recently, the share 

of oil reserves confi ned to reservoirs with hard-to-recover oil 

reserves in the world has been gradually increasing. The effi  -

ciency of oil development and production from such fi elds by 

conventional methods is relatively low, which necessitates the 

search for new, more eff ective and rational solutions to im-

prove the overall quality of oil production and the volume of 

oil produced [1]. Under these conditions, the prospects for the 

development of the oil industry are determined by a number of 

important factors, namely:

- the development and application of eff ective technologi-

cal processes to increase the volume of oil extracted from res-

ervoirs;

- the maximum use of the capabilities of each production 

and injection well in accordance with the potential of the pro-

duction facility;

- eff ective forecasting and regulation of the well stock in oil 

production based on a mathematical model using automated 

systems;

- optimisation of oil production processes in the condi-

tions of fuzzy initial information, which are often observed in 

practice [2].

One of the urgent tasks of oil production is to increase the 

effi  ciency of using the fund of oil wells using automated sys-

tems based on mathematical models. Ensuring the normal 

functioning of the well fund is conditioned by the improve-

ment of the organisation, equipment, and technology of oil 

production, the repair, preventive maintenance, and fi eld re-

search at a given frequency throughout the well stock [3, 4].

The development of the latest software models describing 

the functioning of oil companies directly in the context of the 

implementation of oil production processes is one of the most 

promising areas of development in the oil industry [5, 6]. To 

date, there are a number of problems related to the search for 

optimal ways to fi nd and implement eff ective mathematical 

models that can qualitatively describe the management of oil 

production processes in a fuzzy environment [7]. Their timely 

resolution is of great practical importance for optimising the 

main aspects of oil production and fi nding optimal opportuni-

ties for the implementation of these mathematical models.

The methods of geological and hydrodynamic modelling 

based on modern software are quite eff ective analytical tools 

that allow monitoring and regulating the main processes of oil 

fi eld development and oil production [8]. Thus, the creation of 

mathematical models that refl ect the current state of the reser-

voir system and its modifi cations directly under the infl uence 

of oil production processes allows for eff ective monitoring of 

the main aspects of these processes, which is of key impor-

tance when it is necessary to make timely decisions to ensure 

the high quality of the functioning of the oil fi eld [9]. Geo-

logical and hydrodynamic modelling allows obtaining a quali-

tative solution to a number of problems related to the develop-

ment of oil fi elds and improving the overall effi  ciency of oil 

production. This applies both to the calculations of the main 

and residual oil reserves and also concerns the issues of sub-

stantiating the methodology and principles of oil extraction 

and forecasting oil production volumes after specifi ed time 

intervals.

Oil production is a complex production process that con-

siders many composite stages. The proper execution of the se-

quence of technological operations at each stage of oil produc-

tion ensures the maximum eff ect from the entire process, 

which is expressed in obtaining high-quality oil and maintain-

ing the required production volumes. The maximum eff ect 

can be achieved only with high-quality compliance with all 

technological requirements put forward for this process, oth-

erwise, problems may occur at any stage of the work [10]. 

Therewith, the process of pumping oil out of the well is the 
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main technological task that has a suffi  cient degree of com-

plexity and carries risk.

The deep method of oil production is a priority in most 

countries of the former USSR, providing more than half of the 

total volume of oil produced. Therewith, the key aspect of this 

process is the practical application of submersible centrifugal 

pumps as standard equipment for ensuring the proper intensity 

of oil production. It is mandatory to maintain the proper level of 

oil production in the well to avoid its premature draining when 

pumping oil products from the well with various natural mix-

tures that can adversely aff ect the operation of the unit as a 

whole [11]. The cost of repairing equipment in case of its pos-

sible breakdown is extremely high and comparable to the cost of 

new units, therefore, issues of ensuring the safety of equipment 

for pumping oil should be given priority at any stage of planning 

this process. The procedure for describing a well as an object of 

management is extremely complex from a technological stand-

point and requires timely consideration of a large number of 

factors that are of key importance for ensuring the quality of this 

process, which is not always advisable and necessary.

Indicators of oil production volumes are of considerable 

importance in the context of ensuring the stable functioning of 

the country’s economy. Oil prices determine the receipt of ex-

port duties on hydrocarbons and provide a constant infl ow of 

currency to the countries by increasing the volume of export 

supplies of oil and petroleum products. The forecast of oil 

price growth is considered when compiling the state budget, in 

terms of the impact of balance sheet items on forecasting [12]. 

In this context, the correct organisation of oil production and 

export supplies ensures the consistent implementation of all 

aspects of this process, which is facilitated by the use of math-

ematical modelling methods in the development of manage-

ment systems for oil production and its supplies abroad.

Compilation of a qualitative model of an oil fi eld involves 

the consistent development of a certain geological framework, 

considering the individual features characteristic of a particu-

lar region of oil production. This framework is limited by geo-

logical velocities and periods of relaxation of geological layers, 

in combination with the problem of constructing their inter-

faces with macroscopic screening processes to implement sub-

sequent predictive calculations. Analysis of the processes of oil 

fi eld development in combination with an assessment of the 

prospects for its expansion and increase in oil production re-

quire timely information about the current state of the oil lay-

ers and specifi c measures to increase oil production. In this 

context, the implementation of mathematical modelling 

methods for the evolutionary processes that take place during 

the extraction of oil from reservoirs is essential [13]. In addi-

tion, the methods of mathematical modelling that are being 

developed today provide a high-quality and timely solution to 

the problems of forcing adapted reservoir deposits along with 

subsequent analyses of the probability of errors in the estima-

tion of design parameters. Moreover, modern mathematical 

models for managing oil production processes allow solving 

issues of assessing the quality of oil production and forecasting 

the time of depletion of reserves of specifi c fi elds, which is ex-

tremely important from the standpoint of planning the func-

tioning of the oil fi eld.

The purpose of this study is to assess the eff ectiveness of the 

practical application of mathematical modelling methods of 

the operation principles of oil production management systems 

in a fuzzy environment and the main aspects of their applica-

tion in oil production. The results obtained are of considerable 

importance for the overall improvement of the quality of oil 

production and increase in the effi  ciency of the functioning of 

oil-producing enterprises that use mathematical models for 

managing oil production processes in a fuzzy environment.

Materials and methods. With the development of mathe-

matical modelling methods and computer technologies, the 

most eff ective and promising methods for solving oil produc-

tion problems have become mathematical modelling methods 

and optimization of oil production processes based on modern 

computer technology. Such an approach to solving the prob-

lem of research, optimization, and control of technological 

objects and oil production processes allows us to quickly simu-

late the operating modes of technological objects and deter-

mine the optimal modes according to the selected criteria. For 

this, it is necessary to develop mathematical models of oil pro-

duction processes and algorithms for their optimization. Then 

the developed models and algorithms are implemented in the 

form of a software package, which forms the basis of a com-

puter system for optimizing and controlling oil production 

processes. To determine the eff ective solution to the problems 

included in the subject of this research work, it is necessary to 

consistently form an adequate mathematical model of the pro-

cess of functioning of the well stock, which makes it possible to 

simulate various situations.

The basis of the methodological approach in this study is a 

combination of quantitative and qualitative approaches to the 

consideration of the issues under study. To perform qualitative 

research and build mathematical models of oil development 

and production processes, analytical methods were used to 

build deterministic models and statistical, probabilistic meth-

ods for collecting and processing statistical data. For a fuzzy 

description of optimisation in a fuzzy environment, methods 

for developing expert estimates and fuzzy set theories were 

used. Statistical data are collected based on the materials of the 

reports of the Joint-Stock Company “CNPC-Aktobemunay-

gaz” on the oil fi elds “Kenkiyak” and “Akzhar”. The collec-

tion of fuzzy information about the object and the process of 

oil production was conducted based on expert assessment 

methods, in particular, the Delphi method. The Fuzzy Logic 

Toolbox applications of the MatLab system were used to con-

struct the membership function of linguistic variables of oil 

production processes.

The theoretical basis of this study is relevant available fi nd-

ings of domestic and a number of foreign researchers devoted 

to issues of creating high-quality mathematical models for 

managing oil production processes in a fuzzy environment. All 

the fi ndings of foreign researchers have been translated into 

English to create the most objective and qualitative picture of 

the study and to facilitate the perception of the information 

provided in it. The general scheme of work is shown in Figure.

This study was conducted in three stages:

1. At the fi rst stage of this study, a theoretical investigation 

of publications on the prospects for the development of meth-

ods for mathematical modelling of oil production manage-

ment systems in a fuzzy environment was conducted. Based on 

the theoretical basis of the study, a quantitative analysis of the 

available mathematical modelling techniques was performed 

to select the optimal possibilities for creating mathematical 

models, with a view to their subsequent application in the 

practice of managing oil production processes.

2. At the second stage, a qualitative analysis of methods for 

constructing deterministic models was conducted along with 

statistical, probabilistic methods for collecting and processing 

statistical information. In addition, methods for creating ex-

pert assessments and fuzzy set theory were used. Therewith, at 

this stage, the preliminary results were compared with the re-

Fig. General scheme of work
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sults obtained by other researchers involved in the develop-

ment of problems related to the issues under study.

3. At the third stage, fi nal conclusions were formulated, 

refl ecting the results obtained and summarising the entire 

complex of research activity performed.

Results. Let us consider an approach to the development 

of mathematical processes of oil production, which form the 

basis of the software for automated systems for forecasting and 

regulating the well stock based on modern computer technol-

ogy. To implement this approach, it is allowed to use the prin-

ciples of the theory of Markov chains.

Categories of fuzziness in oil production can be condition-

ally divided into simple, complex, and diffi  cult-to-formalise. 

The fi rst kind includes such categories as “low porosity”, “high 

permeability”, which are sets that can be easily ordered. When 

implementing such an approach, the multiplicity of values can 

be determined based on the peculiarities of considering both 

local and global constraints, their coordination with the char-

acteristic ambiguity and fuzziness in design solutions, which 

has a decisive eff ect in an integrated approach to forecasting.

Both internal and external factors are sources of uncertainty 

in the forecast of oil development and production. Some fea-

tures of the structure and subtleties in the behaviour of the de-

posit may be lost during the construction of the model. On the 

other hand, very often external factors, such as the specifi c fea-

tures of oil and gas collection and treatment systems and chang-

es in the goals and means of developing deposits cannot be con-

sidered in the model. That is why, in our study, we did not con-

sider external factors (technological and economic uncertain-

ty), but internal (geological) ones. At the same time, the “depth 

of occurrence” is meant: the geometry of the deposit and its 

parameters; seismic interpretation and well logging; oil reserves.

The use of precise mathematical solutions, in particular 

analytical ones, does not guarantee accurate and fi nal results, 

just as an increase in the number of nodes (lattice blocks) in 

numerical methods does not automatically increase the fi nal 

accuracy of calculations. On the other hand, unsatisfactory 

forecasting results do not necessarily stem from a poor geo-

logical model. The main sources of uncertainty in oil develop-

ment and production include geological and fi eld data; reser-

voir description; model discretisation; mathematical calcula-

tion errors; external factors (Table).

For the convenience of further presentation, the basic 

concepts of the theory of fuzzy sets are involved. The main ap-

proach to the formalisation of fuzziness is to use the “Fuzzy 

Set” (FS) concept. Such a set is formed by introducing a gen-

eralized concept of membership, i. e., by expanding the two-

element set of values of the characteristic function {0,1} to the 

continuum [0,1]. Therewith, the transition from the complete 

belonging of an object to its complete non-belonging occurs 

gradually and the belonging of an element to a set is expressed 

by a number from the interval [0,1]. A fuzzy set {( , ( ))}xA x �  

is defi ned mathematically as a set of ordered pairs composed 

of elements of the universal set X, and the corresponding de-

grees (functions) of membership (x), or directly in (x): 

X  [0, 1] form.

The membership function (x) refers to some improbable 

subjective measurement of fuzziness. Some researchers state 

that the membership function A(x) is a conditional probabil-

ity of examining an event during observation (x). The value of 

the membership function A(x) for each element x  X on the 

segment [0, 1] will be called the degree of membership of ele-

ment x to the fuzzy set A.
Fuzzy subsets A�  and B�  should be considered as a param-

eter: A�  – “large reservoir depth”; B�  – “small reservoir 

depth”, sets H  {h1, h2, h3, h4, h5} where h1  500; h2  1000; 

h3  1500; h4  2500; h5  3500 m, then the fuzzy subset A�  and 

B�  can be written as  
1 2 3 4 5

0,05 0,1 0,5 0,9 1,0
; ; ; ; ;

h h
A

h h h
    
  
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  

�  Therefore, opera-

tions can be performed on these fuzzy sets:  – negation,  – 

union,  – intersection, etc., in accordance with formulas 

from the theory of fuzzy sets.

It is advisable to assume that there are matrices of relations 

U V (or U  V ) and U W (or U  W), which can be the 

result of an expert survey of specialists in fi eld development and 

oil production. The paired relationships of elements refl ect the 

degrees of belonging of pairs u, v  U  V and v, w  V  W 

to A�  and B�  fuzzy sets, respectively. For example
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They can be written otherwise as
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The degrees of belonging of diff erent pairs are determined

A  B u1, w1  (A u1, v1 & B v1, w1 

 (A u1, v2 & B v2, w1)  (0.5 & 0.3)  (0.7 & 0.9)  0.7;

AB  u2, w1  (A u2, v1v1, w1 

 (A u2, v2 & B v2, w1)  (0.8 & 0.3)  (0.2 & 0.9)  0.3;

AB  u1, w1  (0.5 & 0.4)  (0.7 & 0.6)  0.6;

AB  u2, w2  (0.8 & 0.4)  (0.2 & 0.6)  0.4.

In the fi nal expressions, to simplify the notation, the signs 

 (tilde), meaning the fuzziness of the sets A and B, are not 

indicated.

In this case, the composition of fuzzy sets BA � �  is nothing 

more than the maxmin product of matrices A�  and B�

05 07 03 04 07 06
.

08 02 09 06 03 04
A BAB

     
             

     
� � � �

In the maximin product of matrices A�  and ,B�  instead of 

a sequence of addition and multiplication operations, disjunc-

tion () and conjunction (&) operations are used, respectively. 

The concept of the degree of equality ( , )BA � �  of fuzzy sets A�

Table
Uncertainty in forecasting oil deposits and their development

Geological Technological Economic

Geometry of the deposit 

and its parameters

Interpretation of seismics and 

geophysical studies of wells

Oil reserves

Drilling arrangement

Operational parameters

Some parameters of 

the mining process

Oil cost

Infl ation
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and B�  in U is considered to introduce the concepts of fuzzy 

equality of fuzzy sets, which is defi ned through the logical op-

erations of equivalence () and conjunction as

 
 

( , ) &

min max(1 , ),max(1 , )
& .

min min max(1 , ),max(1 , )

( ) ( )A Bu U

u U
u U

A B

A B A B

A B

u

A B

u





      
             

� �

� �� �

� �� �

A fuzzy relation ( , )U Af � �  is given on a set of geological pa-

rameters U  {u1, u2, u3, u4, u5}. The subset “geological parame-

ters strongly infl uencing the development process” is a fuzzy 

subset A�  in u2. In this case, graph A�  can be represented as
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The degrees of affi  liation A ui, uj refl ect the experts’ 

opinion regarding the magnitude of the infl uence of the geo-

logical parameter ui on uj during the development process.

The fuzzy correspondence is

( , , ),U V BF � �

where U  {u1, u2, u3, u4} is a set of geological parameters, and 

V  {v1, v2, v3} is a set of expert developers. The fuzzy graph of 

the fuzzy correspondence is given as
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where the degrees of affi  liation  ,iB ju v �  refl ect, for example, 

the degree of importance of the geological parameter ui ac-

cording to the expert vj.

The rule of absolute preference should be considered a prio-

ri, since it was established that yi option is more preferable than yj 

option if this preference is determined by all the estimated pa-

rameters yi  yj krk(yi)  rk(yj), where rk(y) is the rank esti-

mate of y by the k th parameter. The set of fi eld development op-

tions that are not expressed in any way by the rule of absolute 

preference can be defi ned as Pareto optimal development op-

tions that need to be found and established. In this context, the 

idea of the fuzzy system design methodology is of great impor-

tance, within which all design tasks are considered in a fuzzy for-

mulation and design solutions are determined based on the full-

est satisfaction of the set fuzzy and contradictory design goals.

Discussion. The management of oil production in the con-

text of maintaining the planned production volumes while 

monitoring the cyclicity and quality of this process is of deci-

sive importance from the standpoint of the prospects for the 

development of this economic sector and the activities of oil 

companies. The creation of mathematical models describing 

the operation of control systems for oil production in a fuzzy 

environment contributes to its optimisation and the growth of 

the overall quality of the organisation of oil production, which 

improves economic planning and has a benefi cial eff ect on the 

economy of the entire state [14]. Therefore, due attention 

should be paid to the task of creating mathematical modelling 

methods to ensure the functioning of oil production control 

systems in a fuzzy environment.

The specifi city of the oil production sector is that it implies 

the imposition of certain restrictions on the course of pumping 

out the volumes of oil specifi ed by preliminary calculations 

from a well in the presence of geological problems that carry a 

high probability of production problems in case of violation of 

oil production technology in a fuzzy environment or violation 

of the technology for pumping oil from a well at the fi eld in 

general [15]. This conditions the urgent need for the develop-

ment of a high-quality mathematical model for managing oil 

production in a fuzzy environment, considering all the accom-

panying factors that determine both the geological features of 

the terrain in the production region and the nature of work on 

the development of the fi eld and the withdrawal of oil in the 

conditions of one particular fi eld.

To date, modern oil companies have not yet paid due at-

tention to the development and practical implementation of 

mathematical models in activities directly related to the devel-

opment of oil fi elds and quality assurance of oil production 

processes from the standpoint of managing the progress of oil 

production. As a rule, oil production is conducted in an open 

way, considering the periodic updating of the equipment fl eet 

at a particular fi eld and the improvement of the skills of main-

tenance personnel at specifi c oil production sites [16]. The 

processes of oil production in a fuzzy environment suggest a 

more rational construction of mathematical modelling tech-

niques, considering the main features of the equipment used 

and specifi c technological solutions that ensure the cyclicity 

and continuity of this process. Moreover, personnel training is 

also essential, since well-trained employees are able to make 

the necessary changes in a timely manner in case of non-stan-

dard situations associated with the potential danger of an ac-

cident or disruption of work [17]. Therefore, the development 

of qualitative mathematical models describing all possible as-

pects of the implementation of oil production processes at the 

fi eld and the management of this process involves consistent 

consideration of all factors that are of key importance from the 

standpoint of the effi  ciency of the oil production in each case.

Modern mathematical models for managing oil produc-

tion processes in a fuzzy environment are created using soft-

ware tools that describe the main patterns that are important 

in the context of the qualitative organisation of oil production 

at specifi c fi elds. Mathematical modelling of oil production 

processes from fi eld development to oil recovery from reser-

voirs with rise to the surface, with a suffi  cient degree of accu-

racy in the development of these models, can ensure high ac-

curacy in the implementation of all tasks of the oil production 

and guarantee the uninterrupted operation of this process at all 

stages [18]. Therewith, special attention should be paid to the 

issues of maintaining the required quality standards of the ex-

tracted raw materials and preserving their reserves directly in 

the well, considering the pre-programmed production rates. 

Otherwise, the premature depletion of oil reserves at the fi eld 

will cause problems for the entire industry, since the environ-

mental friendliness of oil-producing companies which destroy 

the environmental situation in the regions of oil development 

will be put at risk.

In general, scientifi c research [5, 6], devoted to the develop-

ment of mathematical models for controlling oil production 

processes in a fuzzy environment, provide the formation of clear 

ideas about the prospects for their creation and practical appli-

cation in matters of ensuring high quality control of oil produc-

tion processes [7, 10], which is of fundamental importance for 

the functioning modern oil fi elds and opens up new opportuni-

ties for the entire oil industry. High-quality development of 

mathematical descriptions and mathematical models for fore-

casting and regulating the well stock is necessary to ensure that 

the proper cyclicity of the fl ow of oil production processes is 

maintained and the existing natural oil reserves are preserved for 

its production and subsequent use for economic needs.

Conclusions. The conducted scientifi c study on the pros-

pects for the practical use of mathematical modelling methods 

for the purpose of their subsequent application in the opera-

tion of oil production control systems in a fuzzy environment 

led to the following conclusions.
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The results obtained in this research work give grounds to 

propose a new approach to solving the problems of optimizing 

fi eld development and oil production in a fuzzy environment.

Methods of mathematical modelling make it possible to 

eff ectively solve the issues of managing oil production pro-

cesses in a fuzzy environment, subject to the obligatory con-

sideration in the created mathematical models of all the main 

factors that are important from the point of view of the pros-

pects for the conservation of natural oil reserves, subject to all 

the basic principles of its production.

The construction of a linguistic model capable of qualita-

tively assessing the dependence of the effi  ciency of the oil pro-

duction process on the depth of the oil occurrence and the 

porosity of the reservoir rocks is necessary to describe all the 

main parameters that are important for the formation of a full-

fl edged expert assessment as linguistic variables.

In general, the results obtained in the course of this re-

search work can subsequently serve as a qualitative method-

ological basis for further scientifi c developments in the direc-

tion of studying the possibilities of creating mathematical 

models that determine the basic principles of operation of the 

oil production process control systems in fuzzy environment.
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Застосування методів математичного 
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Мета. Оцінка ефективності практичного застосуван-

ня методів математичного моделювання принципів дії 

систем управління видобутком нафти в нечіткому серед-

овищі та основних аспектів їх застосування безпосеред-

ньо у процесі видобутку нафти.

Методика. Основу методологічного підходу стано-

вить поєднання методів кількісного та якісного аналізу 

основних принципів формування математичних моделей 

для управління процесами нафтовидобутку в нечіткому 

середовищі.

Результати. Досліджені доступні методики матема-

тичного моделювання з метою вибору оптимальних мож-

ливостей створення математичних моделей. Сформульо-

вана якісна оцінка ефективності практичного застосу-

вання методів математичного моделювання принципів 

дії систем управління видобутком нафти в нечіткому се-

редовищі. Встановлені основні аспекти застосування ме-

тодів математичного моделювання безпосередньо у про-

цесі видобутку нафти.

Наукова новизна. Пропонується нечіткий підхід до 

розв’язання задачі багатокритеріальної оптимізації при 

розробці родовища й видобутку нафти, в якій завдання 

ставиться й дозволяється в нечіткому середовищі без по-

переднього перетворення їх до еквівалентних чітких за-

вдань. Це забезпечує правильність і ефективність вирі-

шення за допомогою підвищення адекватності опису за-

вдання в нечіткому середовищі.

Практична значимість. Результати, отримані в ході ви-

конання даного наукового дослідження, а також сформу-

льовані на їх підставі висновки, мають практичне зна-

чення для співробітників науково-дослідних інститутів 

нафтодобувної промисловості, відповідальних за розроб-

ку ефективних методик математичного моделювання 

систем управління процесами нафтовидобутку, а також 

для працівників нафтодобувних компаній, у чиї профе-

сійні обов’язки входить використання згаданих матема-

тичних моделей на нафтових родовищах.

Ключові слова: математичні моделі, нафтова промис-
ловість, управління видобутком нафти
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