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HIGH-FREQUENCY PERIODIC PROCESSES IN TWO-WINDING POWER
TRANSFORMERS

Purpose. Mathematical modeling of high-frequency periodic processes in winding power transformers to improve the techno-

logy of their design and operation.

Methodology. The methods of the formation of mathematical models for the research of high-frequency periodic processes in
transformers and methods of solving systems of partial differential equations are applied.

Findings. The mathematical model for the research of high-frequency periodic processes in two-winding transformers, with
adequate considering of electromagnetic connections of windings and structural parameters of transformers, is created.

Originality. To form a mathematical model for the research of high-frequency periodic processes, a substitute scheme of a two-
windings transformer, taking into account the parameters of the electric and magnetic circuits of windings and electromagnetic

connections between them, is proposed.

Practical value. The mathematical model, which allows analyzing the voltage distribution in the transformer windings for high-
frequency periodic processes in windings, and adjusting their insulating abilities, is created.
Keywords: high-frequency periodic process, mathematical modeling, transformer, boundary value problem, ordinary differential

equations

Introduction. High-frequency periodic processes in the
windings of power transformers are crucial for the choice of
insulation of transformers during their design and depend on
the proper coordination of insulation.

The need to take into account the electromagnetic con-
nections between the transformer windings, taking into ac-
count the main magnetic flux, ensures the proper adequacy of
the results of mathematical modeling. The development of the
mathematical model for the research of high-frequency peri-
odic processes in the windings of power transformers, taking
into account these factors, is relevant.

Literature review. The creation of efficient methods for the
analysis of high-frequency periodic processes in transformers
is relevant, as studies were performed to analyze high-frequen-
cy wave processes in one transformer winding during pulse
overvoltage without taking into account electrical and mag-
netic connections between windings [1—3]. A mathematical
model and method of nodal voltages for the analysis of voltage
distribution in the transformer winding in the frequency do-
main are proposed in [4, 5].

To calculate the parameters of the substitution scheme of the
transformer based on its geometric dimensions, the software
complex EMTR isused in [6], and the frequency spectrum in the
winding during the action of an overvoltage pulse is analyzed.

Nowadays, mathematical models for the research on wave
processes in the windings of transformers during pulse over-
voltage are created by taking into account the electrical and
magnetic connections between the windings, as well as the
magnetic connection between the turns of the windings [7, 8].
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The mathematical models obtained in these works for the
study of wave processes in the transformer windings are suit-
able for the analysis of high-frequency periodic processes in
the windings of power transformers [9, 10].

The basic principles of formation of mathematical models
of the elements of the power system, taking into account all the
parameters of the substitution circuit, which allows research-
ing its internal processes, are given in [11, 12].

Main material and mathematical model of wave processes in
two-winding transformer. A mathematical model for the re-
search on high-frequency periodic processes in transformers
with two-windings, taking into account the electromagnetic
connections between the windings and turns of the windings,
is created basing on the subschema given in Fig. 1 [7, 8].

The equation of change in currents flowing through the
windings is written basing on Kirchhoff’s current law (/* law).
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The equation of voltage fall per unit length of windings is
written basing on Kirchhoff’s voltage law (2 law).
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where Ly = Ly + Lgg; M0:T+MO'O’ L02=?+L002,

L0, Lerg, My are self and mutual scattering inductances of
the primary and secondary windings and between them; L, is
inductance of the magnetic system of the transformer; & is
transformer transformation ratio.

The system of differential equations in partial derivatives
(1—4) in the given form, directly unsuitable for the analysis of
periodic processes, is focused on the calculation of fleeting
transient processes.

In this regard, it is necessary to transform this system of
equations into a form that will provide the research on peri-
odic sinusoidal wave processes (steady-state) of high-frequen-
cy transformers.The problem for a practically important
case — sinusoidal periodic processes — is solved by applying
the symbolic Steinmetz transformation (the method of com-
plex amplitudes). To analyze the steady-state to equations
(1—4), there is a symbolic transformation by introducing com-
plex amplitudes of currents and voltages applied, namely [7].

i(x,t)= jl(x)ejmt; I(x,t)= I.z(x)ejm’;

. ) . , 5
ul(x,t):Ul(x)ef‘”’; Mz(xst):Uz(x)emts ©)
where 1,(x), 1,(x),U,(x),U,(x) are the complex amplitudes
of currents and voltages of the transformer windings; o is the
angular frequency of the periodic process.
After simplification, equations (3—4) have the following
form
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Expressions (5) are substituted in equations (1—2) and
(6—7), the result is a system of ordinary differential equations
in complex form
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Let us write equations (8—9) as follows
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The obtained differential equations (10—13) are equations
with complex coefficients, the search for a solution of which is
a difficult task. From a physical point of view, if the next con-
ditions g;, = g»0 = 0 and r,, = r,, = 0 are accepted, the complex
coeflicients from these equations can be removed. Such an as-
sumption of the adequacy of the result of the calculation of

periodic processes in the windings of power transformers is
not a significant influence. Given this assumption, equations
(12, 13) are written in a matrix-vector form

di,(x)| |d?Uy(x)
j:(x)LIO j.(x)MO y gix _ d.x2 . (14)
JoMy  joLy| |dl,(x)| |d*Uy(x)

dx | | dx?

For the obtained system of equations (14) the determina-

tion of the matrix is found, namely A =*(LoL,,—My).
Derivatives of currents from equation (14) are found and
have the following form

djl(x) _ JLy dzUl(x)_jMo dzUz(x). (15)
dx A dx? A dx?
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The system of equations (8—11) reduction to one variable
by substituting (15—16) into (12—13). Entered designation

a=L,L,,—M? is obtained

(16)
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Let us divide equations (17, 18) by a coefficientj, as a result
we obtain an equation with real coefficients in this form

d?U,(x) d?U,(x)
2 2
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The coefficients in (19) are divided by the coefficient
®?aCy,, and in equation (20) — by ®?aC,,. Then equations
(19—20) have the following form
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For equations (21, 22) the expressions for the coefficients
is simplified, namely

a=(LyLy—M§)=
=(Lgjo+ Lyjo) Loy + Lulo/kz) —(M g+ Lulo/k)2 = (23)
=L, (k*(Lyyo L — Mcfo)/]mm + Lklo)/kzs
where Lyjg = Lojg + k*Lgyy — 2kM is reduced to the primary
winding longitudinal scattering inductance of the short-circuit
experiment of the transformer.

If this inductance is reduced to the secondary winding,
then the coefficient is calculated by the following formula
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a= LmlO(kz(leOLSZO_MSZO)/Lmlo + L) (24)

In the following transformations, to calculate the coeffi-
cient a the expression (23) is used. To obtain formulas for de-
termining the coefficients of equations, find expressions for
the ratio of the components of these coefficients
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The obtained expressions (25—27) are substituted into the
corresponding coefficients of equations (21—22), which have
the following form
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Note that for an optimally designed high-frequency trans-
former in the operating frequency range, the magnetization in-
ductance is much larger than the inductances and mutual induc-
tances of the scattering of the windings; thus, we can consider
that L,y — oo. Then the expressions for calculating the coeffi-
cients of equations (28—29) are simplified and take the form

a, =1 . a k.
" o CyrioLy s ’ ? o CyrioLy 0 ’

) :L; 022:1_k72.
ChraoLy 19 &ChraoLy 9

Equations (28—29) are written in operator form with zero
initial conditions

(ay 22 =b)U, (M) + (@ A2 +b,)U, (M) =0 (30)
(ay M2 +b)U, (L) +(ayyh? —b,)U, (L) =0. (31)

The characteristic equation of the system of differential
equations (30—31) has the form

a47\44 - ll27»2 +ay= 0, (32)

where a, = ay1ay, — apay; ag=biby — bybs; ay = ayby + abs, +
+ 021b2 + azzbl.

The roots of the characteristic biquadratic equation (32)
are found by the following formulas

[,2
L |t a; —4aya,

Ay = > ; (33)
4

N a,—+Ja? —4aya, ”

e (34)

Solution of equations (30—31) in the form of a superposi-
tion of standing waves occurs when the roots (33—34) of the
characteristic equation (32) are imaginary. This condition is
satisfied if the coefficient of equation is (32) a, < 0. It follows
that the distribution of voltage along the windings in the form
of a superposition of standing waves is possible only in a cer-
tain frequency range, which depends on the ratios of their
length parameters.

Homogeneous equations (28—29) have the following solu-
tion

U (@,x)=C (e +e *)+ C,(e/* +e ), (35)

Uy(o,x) = C;(e™* + M%)+ C (e + e %), (36)

where C,,C,,C;,C, are constants of integration.

Constants of integration are determined by the known
boundary conditions for the voltage of the beginning and end
of the windings, namely

U](Os(D):Um(w);U](lsw):U/](m); (37)
U,(0,0) = Uyy(0); U, (1,0) =U,,(®); (38)
0<x</,

where U,y (0),U,(®) are complex voltage amplitudes of the
beginning and end of the primary windings of the transformer;

U,y(0),U,(®) are complex voltage amplitudes of the begin-
ning and end of the secondary windings of the transformer.

Substitute equations (37—38) in equations (35—36), re-
spectively by entering the notation d, =(e/** +e~»*) and d, =
=(e/™* +e7/*) and find the expression of constant integra-
tions.

Uy (0,0)d,-U(e,])

G d,—d, ’ <
¢ - W : (40)
¢, - Uz(w,o;jz_ ; le(w,l); 1)
¢ o Uz(m,l()j 2— f]tzil(oa,o)d, . (42)

Constants of integration (39—42) are substituted in equa-
tions (37—38); as a result, we obtain formulas for calculating
the voltage distribution of the primary and secondary wind-
ings along their axes

_U(0,0d, ~U(o,]) ds Uy(o,))-U(,0)d,

U (o, d; (43

1(@,x) d,—d, 1 d,—d, 2 (43)

Uz(m’x)zUz(m,O)dz—Uz(o),l)dl+U2(m,1)—U2(w,0)dl d,. (44)
d2_d] dZ_dl
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For writing equations (43—44) of the distribution of wind-
ing voltage along their axes in instantaneous values, the com-
plex voltage amplitudes of the boundary conditions (37, 38)
have the form

uyp(ot, 0) = U, 1o(of + y19);

uy(wt, ) = Uy(of +yy));
uy(t, 0) = U,po(@f + )5
(o1, [) = U ot + y5y).

Substituting (45—46), respectively, in (43—44), we obtain
the equation of distribution of voltages along their axes in in-
stantaneous values, namely

Uo(ot +y,0)d, —U,, (o1 +yy) d

(45)

(46)

u(0t,x) = 1t
d,—d, 47)
; Uy (01 +y,) = U0 (0f +y,)d; d.:
d,—d, >
1y (ot,x) = U o0 +W20)d, _Umzl(")t"’\l’z/)dl +
d,—d, 48)
+ U@t +y5) = U5 (08 + yy)d, d
-
d,—d

Voltage (primary transformer winding) U(x.t) (V)
(max value = 1.13x10"5)

[P
St a2z 1878 1716 SR 1022 26RO 5822

Lenght x (mm) [0...2340] Time t (us) [0...50]

Fig. 1. Voltage distribution in the primary transformer wind-
ing at a frequency of 10 kHz depending on the length and
time

Voltage (secondary transformer windin
(max value = 1.07x10"4)

) (V)

Lenght x (mm) [0...2340] Time t (us) [0...50]

Fig. 2. Voltage distribution in the secondary transformer wind-
ing at a frequency of 10 kHz depending on the length and
time

Voltage (primary transformer winding) U(x,t) (V) (max value = -1.91x10"5)

A

151208
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AR TR T
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Time t (ps) [0"‘.5]5“

Fig. 3. Voltage distribution in the primary transformer winding
at a frequency of 100 kHz depending on the length and
time

Voltage (secondary transformer winding) U(x,t) (V) (max value = -1.81x10"4)

55250

Time t (us) 0 .50]

Eenghtx G (02340
Fig. 4. Voltage distribution in the secondary transformer winding
at a frequency of 100 kHz depending on the length and time

Voltage (primary transformer winding) U(x.t) (V) (max value = 1.13x10"5)
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e
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Lenght x (mm) [0...2340] Time t (us) [0...50]
Fig. 5. Voltage distribution in the primary transformer winding

at a frequency of 800 k Hz depending on the length and time

Voltage (secondary transformer winding) U(x.t) (V) (max value = 1.07x10"4)

PV S A N
VPR PRI
PR 33640

Lenght x (mm) [0...2340] Time t (us) [0...50]
Fig. 6. Voltage distribution in the secondary transformer winding
at a frequency of 800 kHz depending on the length and time

Figs. 1 and 2 show the voltage distribution in the primary
and secondary transformer windings at a frequency of 10 kHz
depending on the length and time.

Figs. 3 and 4 show the voltage distribution in the primary
and secondary transformer windings at a frequency of 100 kHz
depending on the length and time.

Figs. 5 and 6 show the voltage distribution in the primary
and secondary transformer windings at a frequency of 800 kHz
depending on the length and time.

Conclusion. The mathematical model for the research on
high-frequency periodic processes in the windings of power
two-winding transformer is created. It allows optimizing the
insulation of the windings during the design of transformers,
thereby reducing their size, cost and weight. The model allows
us to significantly expand the possibilities of researching high-
frequency periodic processes in the windings of power two-
winding transformers in solving specific problems of classical
and technical electrodynamics.
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BucokoyacToTHi nepioauyHi npouecu
B CHJIOBHX JIBOOOBHTKOBHX TpaHC(opMaTopax

M. C. Ceeeoa, I1. D. Ioeonwx, FO. B. bausnax

HauionaneHuii  yHiBepcuter <«JIbBiBCbKa MOJIITEXHiKa»,
M. JIbBiB, YKpaiHa, e-mail: mykhailo.s.seheda@Ipnu.ua

Meta. MartemaTiyHe MOIEIIOBAaHHS BUCOKOYACTOTHUX
MePiOAUYHUX MTPOLIECiB B 00BUTKAX CUIOBUX TpaHChOpMaTo-
eKcIuTyaTanii.

MeToauka. 3anportoHOBaHO TiaXifd 10 (POpMyBaHHS Ma-
TEMaTUYHOI MOJIEJIi TSl TOCTiIKeHHSI BUCOKOYACTOTHUX T1e-
PiOIMYHUX MPOLIECiB B 0OBUTKAX CUJIOBUX TPaHCHOPMATOPiB
3 ypaxyBaHHSIM eJIEKTPOMAarHiTHUX 3aB’sI3KiB Mi>K OOBUTKaMU
Ta BUTKAaMU OOBUTOK.

Pesyabrati. Po3pobieHa MaTeMaTUyHa MOJIEIb PO3paxyH-
KY BUCOKOYACTOTHHX MEPIONMIHUX ITPOLIECIB B OOBUTKAX CUIIO-
BMX TpaHc(OPMAaTOpiB Ha MiACTaBi AU(epeHIiiTHUX PiBHSIHD Y
YACTKOBUX TTOXiTHUX, 1110 BUKOPUCTOBYIOTHCSI [UTST PO3PAXYHKY
LUIBUIKOIUIMHHUX MEPEXiTHUX MPOLECIB, 3BIiBILM X 10 PiBHSIHb
y TTIOBHUX MOXiTHUX, TIPUAATHUX TS TOCITIIKEHHST BUCOKOYAC-
TOTHUX MEPIOANYHUX MPOLIECIB B 0OBUTKAX TpaHC(OPMATOPIB.

Hayxkosa HoBusHa. CTBOpeHa MaTeMaTUYHa MOJIEJIb LIS 10-
CJTIKEHHSI BUCOKOYACTOTHUX TEPIOAMYHUX MPOLIECIB B OOBU-
TKaxX CUJIOBUX TpaHC(HOPMATOpPIiB Ha MiCTaBi 3apOIOHOBAHOL
3aCTYIHOI CXEMHU JBOOOBUTKOBOrO TpaHC(opMaTopa 3 ypaxy-
BaHHSIM €JIEKTPOMArHiTHUX 3B’SI3KiB MiXK OOBUTKAMU Ta OCHO-
BHUM MAarHiTHUM TOTOKOM, IIUISIXOM 3BeAeHHs audepeHLiii-
HMX PiBHSIHb Y YaCTKOBUX MTOXiTHUX IO PiBHSHB Y TTOBHUX ITO-
XiTHMX, 3aCTOCYBaBILIM CUMBOJIIYHE niepeTBopeHHs Ll teitnme-
11a, a TAKOX JJIs1 LIMX PiBHSIHb c(hopMOBaHa KpaiioBa 3aj1ayva.

IIpakTHyHa 3HAYMMICTb. 3aIIPOIIOHOBAHO METOJ aHaJi3y
pO3MOJIily HATIPYTU B 0OBUTKAaX TpaHC(hHOPMATOPIB y BUJISAI
CYNEpPIIO3ULIil CTOSTYUX XBUJIb Y TIEBHOMY Jiarna3oHi 4acToT,
10 3aJIEXKUTh Bill CIiBBITHOILIEHDb IXHiX MapaMeTpiB A BU-
COKOYACTOTHMX MePIOJAUUHUX TIpolieciB B ooBuTKax. Lle mo-
3BOJISIE YIOCKOHAJIUTU TEXHOJIOTiI0 IMPOEKTYBAHHS CUJIOBUX
TpaHc(opMaTopiB, TOOTO MPaBUJILHO KOOPAMHYBATU i30J151-
11i10 0OBUTOK TpaHC(HOPMATOPIB.

KurouoBi cioBa: éucoxouacmomuuii nepioduuHuii npouec,
mamemamuune mMo0ea08anHs, MPAHCHOPMAmop, Kpaiosa 3a-
daua, 36uuaiini dughepeHyiiini pieHAHHSA
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