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PARALLEL COMPUTATIONAL ALGORITHMS IN THERMAL
PROCESSES IN METALLURGY AND MINING

Purpose. Formation of parallel algorithms in the thermal process simulation in metallurgy and mining. The pro-
posed parallel form of the algorithms must be maximal, and, therefore, have the minimum possible implementation
time in parallel computing systems. Elimination of recurrent computation structure of the desired decision vectors,
which, as a rule, leads to the rounding errors accumulation. Such class simulation problems are realized by multipro-
cessor computing systems.

Methodology. Implementation of parallelizing process of mathematical problem definition is realized by an ap-
proach based on the “odd-even” reduction algorithm. The essence of this approach lies in exclusion of simulation
coefficients of the process under research by realizing elementary rows transformations of the constructed equations
system. A directly parallel form of the algorithm for solving problems is realized by a numerical-analytical approach.
It is shown that the compiled parallel form is the maximum, which, in turn, provides minimum time for solving the
set problems by multiprocessor computing systems.

Findings. The presented research studies in this paper showed a high efficiency of parallelization of systems of
tridiagonal structure linear algebraic equations by example of solving thermal problems. The proposed numerical-
analytical method for parallelizing tridiagonal systems does not impose any restrictions on the grid nodes topology of
the computational domain. With respect to parallel computations of arithmetic expressions, the original data error is
separated from the rounding operations by the proposed method. This approach excludes the recurrent structure of
the desired decision vectors computation, which, as a rule, leads to accumulation of rounding errors. The proposed
parallel form of the algorithms must be maximal, and, therefore, have the minimum possible implementation time in
parallel computing systems. Computational experiments conducted by a multiprocessor computer system showed
high efficiency of the developed parallel algorithms.

Originality. Within decomposition algorithms, based on the “odd-even” reduction method, a new approach to the
distributed solution of linear algebraic equation systems is proposed for the first time, which differs from the known
methods in the closed parallel form with respect to the central grid node and with a high degree of vectorization.
There was proposed, analyzed and implemented a new approach to the solution of metallurgical production prob-
lems, which allows increasing economy, productivity and speed of computations. It is proved that this approach pro-
vides the highest computation vectorization degree, predetermines the maximum parallel algorithmic form and, as a
consequence, the minimum possible time for implementing algorithms on parallel computing systems.

Practical value. By using a high-performance multiprocessor system, the developed approach allows processing
and interpreting the thermal experiments results, and achieving a high accuracy degree, a significant reduction in the
processing time of experimental data.

Keywords: computational vectorization, parallelization algorithms, multiprocessor systems, thermal problems

Introduction. The mining and metallurgical industry mines physical and mechanical properties of rocks. At
faces a lot of diverse and interrelated processes. Thus, the same time, the physical-technical justification of the
the thermal regime is one of the main factors that deter- thermal regime of excavations ensures safe mining of de-
posits. In the metallurgical industry, these are technolo-
© Shvachych G.G., Ivaschenko O. V., Busygin V. V., Fedorov Ye. Ye., 2018 gies for smelting and casting iron-carbon alloys, pro-
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cesses of heating and cooling the metal, and thermal
treatment of metal products.

The recent years practice shows that neither the
mining and metallurgical production processes intensi-
fication, nor the constructive improvement of corre-
sponding equipment is possible without the study and
analysis of heat and mass transfer by mathematical sim-
ulation methods. Mathematical simulation is based on
computer technology. Its importance is growing due to
the fact that modern science and technology constantly
requires data on such processes, which experimental
study both in laboratory and field conditions is very dif-
ficult and expensive, and in some cases merely impossi-
ble. The classical approach to the thermal problem solu-
tion of metallurgy and mining is not always suitable for
multiprocessor computing systems because of the low
speed of solving the problem, low accuracy, and large
amount of memory of computing resources. In this con-
nection, the tools of computational mathematics stimu-
late development and realization of new ideas. And
then, as a consequence, a new approach for construct-
ing numerical experiments is being created based on a
more advanced mathematical apparatus aimed towards
the use of multiprocessor computing systems.

Increasing the capabilities of the designing com-
puter technology has always influenced development
of computational mathematics, especially with regard
to numerical methods and corresponding software.
Until recently, technological progress has not caused a
radical change in the computing system structure.
Therefore, increase in the speed of single-processor
computers and even advent of machine and system
complexes with a relatively small number of processors
working simultaneously did not require a thorough re-
search on either numerical methods or software devel-
oped before. Now the situation has changed dramati-
cally.

At present, new computing systems are characterized
by the possibility of simultaneous and parallel use of a
large number of processors for processing relevant infor-
mation. The creation of such systems has identified one
of the most important areas for increasing the speed of
solving complex and time-consuming problems. The
operation experience of the first parallel systems has
shown that for their effective use it is necessary to change
the structure of numerical methods radically.

Obviously, the class of problems that can be solved
by parallel algorithms is not only of a diverse type, such
tasks are very important for industry and economy.
However, it should be borne in mind that the problem
parallelism depends not only on its physical meaning,
but also on the chosen numerical algorithm. This paper
shows possibility of creating the maximum parallel form
of computational algorithms by example of solving ther-
mal problems of mathematical physics.

Problem statement and latest achievements analysis in
this field. The problem of developing numerical meth-
ods for studying the thermal processes of mining and
metallurgical complex is beyond any doubt today. Thus,
the need to take into account the heat transfer processes
in ventilation computations is discussed in papers [1, 2],
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a rather promising approach to the description of ther-
mal processes in metallurgy is presented in papers [3, 4].

At the same time, it should be noted that the service
packs used to study thermal processes are based on the
processing of data sets, ordered relatively to grid nodes.
Herewith, in the practice of using finite-difference ap-
proximation methods, there is a stable opinion about
the change uncertainty in the unknown function in the
intervals between the nodal points of the grid area. Thus,
according to the authors of papers [5, 6], the simple
ideas that underlie the primitive replacement of deriva-
tives by finite differences, without analysis and ignoring
specific properties of the particular class of problem so-
lutions, cannot be successful. When compiling a com-
putational algorithm, it is necessary to use a priori infor-
mation about the problem, and first of all about its
membership in this or that class of smoothness of func-
tions that describe corresponding processes. This ap-
proach became the basis for the distributed simulation
of decision vectors for applied problems of mining and
metallurgical complex.

Significant computation acceleration of finite-differ-
ence programs is achieved due to the parallelization ef-
fect [7]. Special attention should be paid to numerical
and analytical algorithms for solving the problems stated
[8]. The high acceleration of computations in compari-
son with the finite-difference approach can be explained
by analytical solutions that allow computing simultane-
ously and in parallel across all time layers without using
combined memory. Consequently, one of the most
promising approaches to mathematical simulation of
problems that is being researched in this paper is the one
based on numerical-analytical solutions.

In this regard, an effective tool for studying heat and
mass transfer in mining and metallurgical production
may be considered the application of parallel computing
technologies on distributed cluster-type systems [9, 10],
which have a relatively low cost and can be easily scaled
by both the number of processors and by the amount of
RAM. In this paper on the example of solving the heat
conduction problem, we present algorithms for solving
such problems, which differ by the greatest parallelism
degree.

Research purpose and objectives. Classical methods
for solving thermal problems of mining and metallurgi-
cal complex when using multiprocessor computing sys-
tems are solved no faster, and sometimes much more
slowly, than when using single-processor computers.
This circumstance is explained by the recurrent ap-
proach, which is the basis of classical methods. In this
connection, this research purpose is to construct the
most parallel forms in the simulation of thermal prob-
lems. In this regard, this research purpose is to construct
the most parallel structures of algorithms for solving
thermal problems and their mapping to the architecture
of multiprocessor systems.

To achieve this goal, it is necessary to solve the fol-
lowing problems:

- the algorithm of “odd-even” reduction is the basis
of the method for parallelizing a mathematical problem,
since it contains many possibilities for parallelization;
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- parallelizing the systems of the tridiagonal struc-
ture with a numerical-analytical approach, which pre-
determines their maximally parallel algorithmic form,;

- take into account the necessary smoothness of
original solution and input data for a particular problem,
which allows adapting the computational algorithm to
the numerical solution singularities.

Materials and research methods. In this paper, com-
putational experiments were carried out with a multipro-
cessor system [11]. Let us note that recently the process
of creating the high-performance computing systems has
been developed, for the most part in one direction - the
unification of many processors for parallel execution of
one large and complex problem. For this reason, the
concept of a supercomputer and a parallel (multiproces-
sor) computer system is currently identified. At the same
time, for building supercomputers, serial microproces-
sors are used, provided with their own local memory,
which are connected by means of some communication
environment. This architecture has several advantages:
to increase the performance of such a system, one can
add the necessary number of processors. On the other
hand, knowing the required processing power, one can
easily select the necessary system configuration. The
name of such systems emphasizes the theoretically un-
limited scalability of devices of this class.

Analysis of the ways of development of high-perfor-
mance installations shows that a real breakthrough in mas-
tering parallel computing technologies can be achieved by
developing an additional (actually, basic) level in the hier-
archy of hardware capacities of the MPP multiprocessor
computer systems — architecture — personal computing
clusters. Thus, it is proposed to create the foundation of
hardware pyramid of parallel computing technology in the
form of personal computing clusters by analogy to the ex-
isting foundation of hardware pyramid of traditional se-
quential computing technologies in the form of a PC.

Computational experiments, which were carried out
on the basis of the proposed approach, showed high ef-
ficiency in solving a wide range of applied problems.

Exposition of the main research material. For the
heat equation of the form

oY oY

EZGE, XEI:XO,XLJ, tEI:tO,T:|, (1)
we consider solution of the Dirichlet boundary value
problem with the initial

¥, =0, )
and boundary conditions
Yoo =YW®; Y, =YLO). 3)

The definition domains of the desired function ¥(¢, x)
in the problem (1—3) are comparable to the grid area

t,=JxDil, j=LM,
DN=T/M, MeZ
x,=pxDxl, p=02m
Dxlz(xL—xO)/2m, meZ

“4)
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where m is an integer parameter in the mesh node topol-
ogy with respect along the spatial variable x.

The finite difference method. Having used the implic-
it scheme for time variable and central differences ap-
paratus along the variable x, one arrives at the following
system of equations

CYpui =Y, +DY,  =f,5 p=L2m-1  (5)

prp+lLl
where
C =D =4 4% pn
P P (1424) Dx1? 6)
;10
2 1+24)

Here the grid functions Yy, = fWA%), Y, | = fL(1)
define the boundary conditions (3), and the right-hand
sides f, | are initial conditions, since the grid functions
YO, , are taken from the previous j — 1* time layer. Con-
sequently, the numerical algorithm (5, 6) is evolutionary
and consists of transition acts from one time moment
t;_, to another f,=f;_, + Drl.

The scheme of method of lines. Applying the time-
discretization procedure with respect to the equation
(1), we arrive at a system of ordinary differential equa-
tions of the form

" 1 1
Voo @)=Y ) =—2Y0,. (D), ()

where YO (x) is a function determined by initial
Pte
U (x-x,)
conditions; €, =—p€[—1,+1] is a normalized
(xp+1 _xp)

spatial variable.
In its final form, the solution of equation (7) is the
following

)/;7-¢—s/v_1 (gx) = Y;+sx,1(8x)+CanB(8x)+ D,,ST]B(SX)a

where C,, D, are integration constants; Y, ;ﬂx,l (x) apar-
ticular solution of inhomogeneous equation (7);

1 . - .
B= A are eigenvalues of the characteristic equation.

Integration constants C,, D, are determined on the
basis of the following conditions &, = £1

Yp+£“ (g, )‘sxil = Ypil,l’

then a solution of equation (7) is obtained in the form of
the following relationship

Y, E0={V %, @)+

Snp(l+e,) "
+ gnﬁ(sj) [YPH,l_Y p+1,]:'+ (8)
Snﬁ(l_gx) %

apen Y )

Putting ¢, = 0 in expression (8), we move from dis-
tributed solution form to its discrete analogue in the

131




INFORMATION TECHNOLOGIES, SYSTEMS ANALYSIS AND ADMINISTRATION

form of a system of linear algebraic equations (5), but
with different functional content

c —p S 1
p— TpT -

SnBe,) 2CnP(e)p, p=1,2m-1, (9)
Fo1=CY %, _Y;J + DpY;—l,l

which differs from the considered finite-difference ap-
proach, which has the form (6).

Parallelizing a mathematical simulation by permuta-
tion method. The parallelizing procedure of mathemati-
cal problem simulation, defined by a system of equations
(5) with a functional content (6) or (9) is based on ap-
plication of the “odd-even” reduction algorithm [9].
The peculiarity of such an algorithm is the elimination
of the corresponding coefficients of algebraic equation
system (5) in accordance with the elementary transfor-
mations of system rows. We show that this procedure is
possible if and only if the integer value of parameter m in
the topology of the grid nodes along the coordinate x in
(4) is, firstly, an even number, and, secondly, meets the
algebraic relation

m=2k

where k, is a natural number. The countability topology
of the grid area interior nodes along the coordinate x (4)
for different values of the parameter m is as follows

&l
(98]

k.=1, m=2,
k.=2, m=4,
k.=3, m=8, p=115

k.=4, m=16, p=13],

e

L7,

~

4
4

and so on.

The reduction process of the equation system is real-
ized as follows. In the system of equations (5), we de-
crease and increase the index p by one. Then, the algo-
rithm of the “odd-even” reduction is compared with a set

of points p =1,2m—1 of the computational domain. Un-
der such circumstances, a system of equations is obtained

Y, =foy+Cpi¥, + D, Y, 5, (10)
You1==SpntCon¥ i+ 0,07,

Then, after substituting Y, . ;, from equations (10)
into equation system (5), we obtain an equations of the
same structure, but with respect to the grid functions
with even numbers Y, 1, Yy, Y51,..., Yo o2

1 1 O
COY g =Y, + DY, = 1))
Wherein
0)((0) (0) 1(0)
co :ﬁ DU = D, Dy
’ Det, ~ 7 Det,
) _ 0 0) £(0 0) £(0
fp(,l) - (fp(u) +C; )f}SJri] +D;] >f1.$7%,1 )/Detl ,
0 0 11
Det,~(1-C D - DCLY) an
p=24,.2m-2.
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In the relations (11) the sequences C\, DV, (9
correspond to the coefficients and the right-hand sides
of the original SLAE (5) in the form (6) or (9). There-
fore, by excluding variables with odd numbers, we ob-
tain the SLAE with two orders lower. When solving it,
for example, by the sweep method, it could be followed
by finding the values of variables with odd numbers by
recounting from formulas (10).

Obviously, after the re-application of the reduction
process, in the final analysis, one can come to one rela-
tionship with respect to some function of the central
node Y, ;. This operation can be performed in three
stages of the corresponding transformations.

On the basis of the studies carried out, it is already
possible to discuss the most important properties of par-
allel forms of the algorithm for the SLAE (5) processing
by the “odd-even” reduction method. Firstly, it is obvi-
ous that application of graphs to describe and research
the general problem of computational mathematics
problems mapping of the algorithm described above to
the architecture of parallel computing systems makes
this procedure clear. Secondly, for instance, from the
operations sequence analysis of the SLAE (5) process-
ing with m = 8 it follows that, once the value of the cen-
tral node grid function Y, for the zero level is com-
puted, the variables Y, Y, can be computed simulta-
neously for the first level. After computation of the val-
ues of variables Y;;, Y},; the values of grid functions
Ys4, Y51, Y101, Y14, for the second level can be computed
simultaneously. After computation of the values Y, 4,
Y51, Y101, Y14, the values of the grid functions ¥, , Y,
Y51, o1, You, Yy, Yi3, Yis, for the third level can be
computed simultaneously. Thus, it is the third level that
completes the procedure for SLAE processing of this to-
pology. Let us pay attention to the following circum-
stance. The graph of the algorithm introduced into con-
sideration is parametrized with respect to the parameter
m and has an isomorphic branching structure of verti-
ces. There is also a one-to-one correspondence between
the numbers of vertices. The vertex number generated by
two vertices of the lower tier is equal to arithmetic mean
of the vertices numbers of the lower tier. Since at any
reduction process level of the initial SLAE (5), the de-
composition of all intermediate systems can be per-
formed simultaneously, then the algorithm considered
above has a sufficiently high degree of parallelism.

Parallelizing a mathematical simulation by a numeri-
cal-analytical method of straight lines. This research
stage is aimed at implementing the process of the equa-
tion system (5) parallelizing, provided that its functional
content corresponds to the form (9). Here, basic solu-
tion linear combinations of the boundary-value problem
(7) are mapped to hyperbolic functions, and the right-
hand sides represent the set of its particular solutions.

The algorithm being developed is constructed on the
basis of piecewise-analytical solutions. It is quite obvi-
ous that this circumstance must be taken into account
when implementing the process of parallelizing of the
equation system (5). Such an idea can be developed on
the basis of the sweep method application [8]. In this
case, the direct sweep process is aimed at determining
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the coefficients E,,G,,(p=12m—1) that are deter-
mined on the basis of the relations of the form

E-—Sr g DOnln (12)
p ’ r ’
1-D,E, | 1-D,E, |

wherein the beginning of such a problem solution is pro-
vided by the following parameters

Ey=0; Gy=Y,,=/W{).

The direct sweep method proceeds in the direction
of index p increasing to a p = 2m — 1 value. At the same
time, the reverse sweep method is conducted by the fol-
lowing recurrent formula

Y, =EY,, ,+G, (13)

P PP

At the same time, the change direction is provided
for index p from p = 2m — 1 to p = 1. The computation
starts based on the condition Y,,,; =fL(%,), which sets the
right boundary condition (3) in the sweep algorithm.

It turns out that the use of functional content for co-
efficients C,, D, and right-hand parts f,,, in the form
(9), allows performing direct sweep method computa-
tions and forming formulae for calculating coefficients
E,, G, in accordance with formulas (12) as functions of
the number of grid nodes

__smB(p)
snp(p+1)

1 2 .
G,= sB(p+1) {Yo,l ’Z:;,f,lmﬁ(l)

This circumstance is further directed to the fact that,
on the basis of substituting expressions (14) in the recur-
rent relation for the reverse sweep (13), it would be pos-
sible to determine solution of the equation system (5) for
any node of the grid area (4)

p

} , p=12m-1. (14)

1
Vs (V) _WX

sns(zm—v)[m,l —iwf }

S osmpBli+1) 72
X

+snB(v){Y0,1 —2’§7V&(1.)f ] ,

& smpGi+1)""

v=12m-1,

where hyperbolic functions are the solution of homoge-
neous equation systems (7), and complexes

fo1 = Yy — 2enB(p)Y,, +Y, , are the set of its par-
ticular solutions.

The developed approach to parallelizing a mathe-
matical simulation is stable for a different type of input
data. In addition, it has the most parallel form and is
characterized by a minimum time for solving the prob-
lem with respect to multiprocessor computing systems.
This is explained as follows. If it is hypothetically sug-
gested that you can designate one processor for one
node in the computed mesh area, you can assign the
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same processor in parallel and simultaneously at the
same time for all nodes in the calculated mesh area.

Experimental data and its processing. The proposed
approach to the solution of heat conduction problems is
realized in the form of a procedure for mathematical
simulation by a multiprocessor computing system. In
this case, let us consider one of the options for its imple-
mentation.

Test problem. Let us suppose that boundary condi-
tions of the first kind are given on the surface of the
plate. For definiteness, the boundary function TW(¥)
will be considered as known, but TL(r) will be desired
function in solving the heat conduction problem. In the
quasilinear approximation, equation (1) in the grid area
is associated with a system of its differential effects,
which take the form of the System of Homogeneous
Differential Equations, that is

Ty (2)={A4,(n+4)(n+2)T, 5 (e, )+
+B,(n+1)T, .., (¢, )}

forn=0,1,2,..., wherein

15)

A
A =Di—LL  if p=12m-1; 16
? CVP’IDxl2 ? (16)
A
B,=Drl p.2

cv,, Dx1*

Assuming an implicit-in-time scheme of the first or-
der as approximated and by defining the closing con-
nections, we obtain central differences of the following
form

Tp,2 = %T(Tpﬂ,] _Tp—l,] ) (17)
T, =(r ., +T ., -21,)
p.3 2 p+11 p-11 p.l

Next, we obtain an equation system of the tridiago-
nal structure, i.e.

T, —1T,,+D,T, | ,=f,1, (18)
wherein

:(Ap+Bp/2)' :(Ap+Bp/2)'

P (1+24,) T 7 (1+24))

flz—&, if p=12m-1. (19)

s (1+2Ap)

The solution of the system of equations (18) is real-
ized by the sweep method. To solve a direct problem in
the system of equations (18, 19), we must assume that
Ty, = TW(t) and Ty, = TL(%;). When TW(%)) is a given,
TL(#) is the required boundary function, then, by solv-
ing the heat conduction problem, it is necessary to select
the function TL(#) in such a way that in the solutions of
the equation systems (18, 19) the functional with the
mean-square discrepancy should become minimal. The
entire time interval where the desired function is deter-
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mined by setting conditions (2, 3), is divided into time
intervals Dt1 according to the sampling circuit. The
scanning step during the solution of the boundary heat
conduction problem does not have to coincide with the
sampling step Dtl, adopted in the controlled system of
equations (18, 19). The algorithm for solving the bound-
ary heat conduction problem begins with the first scan-
ning step. Let us assume that as a trivial approximation a
certain value is taken, when R = TL, it is known from a
priori information and is clearly greater than unknown
boundary function. This circumstance is verified experi-
mentally by the mathematical simulation method. After
substituting the value of R into the solution of the con-
trolled mathematical simulation (18, 19), the computed
value of temperature function 7,(#) is obtained at the
same location along the coordinate where the function
T,(1) is given, which is known from the experiment. This
makes it possible to find the numerical value of the re-
sidual (7,(%;) — T,(1)). If the residual (7,(z) — T,()) > 0,
then the value of R decreases by some amount A7. In
other cases, it increases by the same amount (A7"). Fur-
ther, this process develops until the residual changes its
sign to the opposite. The establishment of this fact
means that the required approximate solution of the
heat conduction problem lies in the interval [a, b], where
a and b denote numbers where the functions values at
these points have different signs. By computing the re-
sidual value at midpoint, which lies between a and b, we
can further refine the unknown boundary function value
by an interpolation formula. Repeating this iterative
procedure as many times as necessary, the value of the
control parameter is computed with any predetermined
accuracy. Naturally, it should be borne in mind here
that the function 7,(#) is known by the results of the ex-
periment and has some error €. Thus, the required solu-
tion of the heat conduction problem occurs through
scanning steps, and assuming a linear approximation in
the time layers, we write that

TLv+s,,l (gt ) = TLv,l + StTLv,Z’
wherein

TL,,=(TL

S Y

g, = t’__’vt efoa] [

v+l

TL,,)
if v=12,...

Then it is possible to solve the heat conduction prob-
lem on a full time interval, when f € [f,, #,] along v time
layers. This possibility arises, firstly, because the sweep
algorithm realizes the desired nonstationary solution on
any time layer. The transition in the systems of equa-
tions (15—19) to the time variable g, unifies the algorithm
with respect to any time interval by automatic account-
ing of the initial values. The Figure shows the test prob-
Iem solution results of thermal conductivity for exact
values of the experimental function.

The simulation process was implemented on a per-
sonal computing cluster. From simulation results analy-
sis it follows that the developed method for solving the
heat conduction problem sufficiently minimizes the re-
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Fig. Results graph for restoring external boundary condi-
tions

siduals effectively. It should also be noted that the algo-
rithm developed in this formulation is absolutely stable.

Results. At present, the multiprocessor computing
systems are developing quite dynamically. For this rea-
son, parallel computations have become available to
many researchers. At the same time, a serious develop-
ment in the field of parallel computing stimulated the
design of computing clusters. For their construction,
mass-production processors, standard network tech-
nologies and freely distributed software are used. These
circumstances also explain why the problem of develop-
ing effective software turned out to be one of the central
problems of parallel computing in general. The creation
of parallel computing systems required the development
of a new approach for the making of appropriate com-
putational algorithms. It is quite obvious that such an
approach is oriented to the implementation of vector-
ization procedure for computations. Also, under such
conditions the description of the corresponding simula-
tions leads to rather complicated dependences. For their
comprehension and description, one has to turn to the
newest achievements of various fields of applied mathe-
matics. The methods for solving applied problems,
which have already become classical, are not suitable
from the point of view of algorithmic structure. In addi-
tion, they do not always meet the accuracy and speed of
computation requirements. Thus, it is quite obvious that
the discretization of problems is distinguished by those
systems of equations that have a large number of un-
knowns. For this reason, new ideas and approaches in
the field of computational mathematics get emerging,
which are aimed at development of new methods for re-
alizing numerical experiments. This paper shows the
formation procedure for parallel computational algo-
rithms by various methods on the example of solving
thermal problems of mining and metallurgical complex.

Among the known algorithms for recursive decompo-
sition of equations systems solutions, it is obvious that only
the algorithm of cyclic reduction of permutations allows
the highest degree of its vectorization. It is shown that in
the algorithm of such an “odd-even” reduction there are
many possibilities for parallelization. With this respect, the
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mathematical problem parallelizing method is based on
this algorithm. Let us note that its application is a very
promising direction of applied mathematics, because the
problems of linear algebra represent a significant part of all
problems of numerical analysis (according to some esti-
mates, about 75 %). It is obvious that the application of
graphs for describing and research general mapping prob-
lem of the above algorithm on the architecture of parallel
computing systems makes this procedure vivid.

The parallelization of systems of the tridiagonal
structure was realized by a numerical-analytical ap-
proach, which predetermined their maximally parallel
algorithmic form. This approach contributes to the min-
imum possible time for implementation of the devel-
oped algorithm on parallel computing systems. In addi-
tion, during the parallel computation of arithmetic ex-
pressions, in the developed algorithm, the output data
error gets separated from the rounding operations. Such
a procedure became possible, because with this ap-
proach the recursive structure of solution vectors com-
putation is excluded, which usually predetermines the
accumulation of rounding errors.

In addition, the necessary smoothness of the origi-
nal solution and input data for a particular problem was
taken into account, which allowed adapting computa-
tional algorithm to the singularities of numerical solu-
tion. This procedure was carried out by additional nodes
located between the nodes of a given grid area. This al-
lows displaying the computational algorithm accurately.
In this case, the computations in the construction of
graphs or isolines can be performed in parallel and si-
multaneously. The computational experiments carried
out showed high efficiency of the proposed approach.

Conclusions. This paper presents the algorithms for
solving thermal problems of metallurgy and mining by
maximally parallel computational forms. It is shown
that in the “odd-even” reduction algorithm many pos-
sibilities of parallelization are unrevealed. This is be-
cause the algorithm of permutations solves the system of
equations simultaneously from both ends. Therefore, its
use for solving tridiagonal systems on parallel systems
can be very promising.

Parallelizing tridiagonal systems based on numerical-
analytical methods of discretization, firstly, does not im-
pose any restrictions on the topology of the grid nodes of
the computational domain. And, secondly, with respect
to the parallel computation of arithmetic expressions,
the error in initial data is separated from the rounding
operations common to a real PC. With this approach,
the computation recurrent structure of the desired deci-
sion vectors is excluded, which, as a rule, leads to the
accumulation of rounding errors. The parallel form of
the algorithm constructed in this way is maximal, and,
therefore, has the minimum possible time for imple-
menting the algorithm on parallel computing systems.
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Meta. ®opMyBaHHS ITapajieIbHUX aJITOPUTMIB IIPH
MOJIEJIIOBaHHI TETUIOBUX MPOLIECiB MeTalyprii Ta Tip-
Huuoi cnpasu. [loOymoBaHa nmapanenabHa popMa ajaro-
PUTMiB ITOBUHHA OyTU MaKCUMaJbHOIO, i, BiTaK, MaTU
MiHiMaJlbHO MOXJIMBHUI 4Yac peajlizallii Ha Iapajelib-
HUX OOYMCIIOBAIbHUX cUCTeMaX. BUkmounTu pekyp-
PEHTHY CTPYKTYpY OOUYMCIEHHS IITYyKaHUX BEKTOPIB pi-
IIEHb, 110, SIK TPaBWJIO, MMPU3BOAUTD 10 HAKOTTMYCHHSI
MOMUJIOK OKpyrieHHs. [TpobaeMu MoaeaoBaHHS TO-
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NIiOHOTO KJjacy 3amay peajidyBaTH 3a JOIIOMOIOlo bara-
TOITPOLIECOPHUX OOUNCITIOBAIBHUX CHCTEM.
Mertoauka. /1151 peanizallii mpolecy po3mnapaieito-
BaHHSI MaTeMaTUYHOI ITOCTAHOBKM 3aja4i peaji3oBaHO
MiaXig Ha OCHOBI aJITOPUTMY ,,HEMapHOi-IMapHoi“ pe-
nykirii. CyTb TaKOro MiIXOMy IMOJsTa€ y BUKIHOYEHHI
KoedilieHTiB Moeli TOCTiIKyBaHOTO IIPOLIECy i3 pea-
Jli3alli€lo eJeMeHTapHUX MepPeTBOPEHb PSIIKIB CKIaae-
HOI CUCTeMM piBHSIHb. besnocepeaHbo mnapajesbHa
(opMa anropuTmy pillleHHS 3aAay4 peajlizoBaHa 3a J10-
MOMOTOI0 YMCe/IbHO-aHaliTHYHOrO miaxony. ITokasza-
HO, IO CKJIaJieHa IapajieibHa (popMa € MaKCHMalb-
HOI0, 1110, Y CBOIO Yepry, 3ade3reuye MiHiMaabHUI Yyac
BUPIIIICHHS TTOCTaBJICHNX 3aBIaHbh Ha OCHOBI BUKOPWC-
TaHHS 0araTorpoLECOPHUX OOUUCTIOBAIBHUX CUCTEM.
PesynbraTu. JlocnimkeHHs, HaBeleHi B 1aHii pobo-
Ti, IMOKa3aJli BUCOKY e(PEKTUBHICTh po3MnapajeaioBaH-
HSI CUCTEM JIiHiiiHUX ajareOpaiyHuX piBHSIHb TPUIiaro-
HaJbHOI CTPYKTYpPU Ha MPUKIAAi pillieHHS TEIJIOBUX
3a7a4. 3anpornoHOBAHUN YUCEIbHO-aHATITUUHUIN Me-
TOA po3MapajeloBaHHs TpUIiarOHAJIbHOI CUCTEMU He
HakJaaa€e Oyab-sIKMX OOMEXeHb Ha TOIMOJIOTiI0 CiTKO-
BUX BY3J1iB pO3paxyHKOBOi objacTi. BinnosinHo no na-
pajieJIbHUX O0YMClieHb apuMEeTUYHUX BUPA3iB, y 3a-
NPOIOHOBAHIM METOAMIII BiZOKpeMyeHa MOXuOKa BU-
XiTHUX JaHUX Bif oIepaliil OKpyIJIEHHs. 3a TaKoro
nigxoay BUK/IIOUEHA PEKYppEeHTHA CTPYKTypa OOYMUC-
JIEHHSI 1IyKaHUX BEKTOPIB pillleHb, 1110, SIK MPaBUjo, i
MPU3BOIUTH TO0 HAKOMMYEHHS MMOMWIOK OKPYTJICHHSI.
IToGynoBaHa mapajenabHa (popma 3arporIOHOBAHUX aJl-
TOPUTMIB € MaKCUMAaJIbHOIO, i, BiITaK, Ma€ MiHiMaJbHO
MOXJIMBMI Yac peastizallii aiIrOpuTMy Ha TapajebHUX
obuucaoBaabHUX cuctemax. OO0YHMCIIOBabHI eKcre-
PUMEHTH, TIPOBeJIeHi 3a JOMTOMOT0I0 0araTorpolecop-
HO1 OOYMCITIOBAJbHOI CHUCTEMU, I10Ka3ald BHUCOKY
e(eKTUBHICTh PO3pPOOIEHUX MAPATIETbHUX AITOPUTMIB.
HaykoBa HOBU3HA. Y paMKax 1€KOMMNO3ULIMHUX ajl-
TOPUTMIB Ha TIiICTaBi METOY ,,HeTIapHOI-TTapHOI™ pe-
JyKIIil BIieplile 3apornoHOBAHO HOBUM MiIXil 10 po3-
TOIIJIEHOTO BUPILLIEHHS CUCTEM JIiHIiTHUX aJre0paiyHnX
PiBHSIHbB, 1110, Y TIOPiBHSIHHI 3 BiJOMUMU METOJaMMU, Bill-
PI3HSETBHCS 3aMKHYTOIO MapajieJIbHOI (POPMOIO 1100
LIEHTPAJbHOIO BYy3J1a CITKM I BUCOKMM CTYIIEHEM BeK-
Topu3allii. 3anmporoHOBaHO, MTPOaHaJi30BaHO i1 peai-
30BaHO HOBMU MiXia 1O BUPILIEHHS 3aBAaHb METATyp-
riiHOTO BUPOOHUIITBA, IO JO3BOJISIE MiABUIIUTU €KO-
HOMIYHICTb, MPOAYKTUBHICTb 1 IIBUIKO/iI0 OOUUCIIEHb.
JoBeneHo, 110 TaKuii Miaxia repeadadyae HaWBUILMI
CTYIiHb BEKTOpM3allil 00YMCIIEHb, 3YMOBIIIOE MaKCH-
MaJIBHO TIapaJIeIbHy 1X aJITOPUTMIYHY (hOpMYy Ta, SIK Ha-
CJIiIOK, MiHIMaJlbHO MOXJIMBMIA 4Yac peasizallil ajaro-
PUTMiB Ha MapajeabHUX O0YUCITIOBAIbHUX CUCTEMAaX.
IIpakTiyna 3HaYmmicTb. [11s1X0OM 3acTOCYBaHHS BU-
COKOIIPOIYKTUBHOI 0araTonpoiecopHOi CUCTEMU PO3-
poOaeHMIt miaXia 103BoJIsIE OOPOOJISITU Ta IHTEPIIPETY-
BaTH pe3yJIbTaTH TEIIOBUX €KCIIEPUMEHTIB, JoMarao-
YUCh BUCOKOTO CTYIEHSI TOUHOCTi, iCTOTHOTO CKOPO-
YeHHS 9acy 00pOOKM eKCIIepUMEHTATEHIX TaHUX.
KimouoBi ciioBa: sexmopu3zayis obuucaenv, areopum-
MU po3napanentoéants, 0a2amonpoyecopHi cucmemu,
mennoei 3a80aHHs
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enb. DopmupoBaHue NapauiebHbIX aJITOPUTMOB
MIPY MOACIMPOBAHUY TETUIOBBIX ITPOLIECCOB METAILIYP-
r'mu 1 ropHoro paena. [locTpoeHHass mapasiefbHast
¢dopMa aIropuTMOB NOJKHA ObITh MAKCUMAJIbHOM, U,
cjienoBaTesbHO, UMETh MUHUMAaJIbHO BO3MOXXHOE Bpe-
Ms pealM3allii Ha TapaylIeTbHBIX BEIYMCIUTEIBHBIX
crucTemMax. VICKITIOUNTh peKypPEHTHYIO CTPYKTYPY BbI-
YUCIIEHUS ICKOMBIX BEKTOPOB PEIIeHUI, KOTOpasl, KaK
MIPaBUJIO, TIPUBOINT K HAKATUTMBAHUIO OIIMOOK OKPY-
mieHus. [TpobemMbl MoaeIMpoOBaHUS TIOJOOHOTO Kiac-
ca 3a7a9 peayn30BaTh IIPU ITOMOIII MHOTOIIPOIIECCOP-
HBIX BBIYMCIUTEIBHBIX CUCTEM.

Mertoauka. [11s1 peanusalnu rmpoliecca pacrapaie-
JIMBAaHMUSI MaTeMaTUYECKOM TTOCTAHOBKU 3ada4uul peasiu-
30BaH MOIXOJ Ha OCHOBE aJrOpuUTMa , HeYETHON-YeT-
Hoit“ penykuuu. CyTb TaKOTO MOIXONA COCTOUT B MC-
KJIIOUeHUHU KOA(PDULIMEHTOB MOJEIN U3y4aeMOro Mpo-
1ecca ¢ peaJm3anyeil 3JeMeHTapHbIX ITpeoOpa3oBaHMIA
CTPOK COCTaBJIEHHOI cCUCTeMbl ypaBHeHUIi. Henocpen-
CTBEHHO TapajuieJibHast (popMa ajropuTMa pelIeHUS
3ama4 peal30BaHa MPY MOMOIIN YMCIICHHO-aHAINTH -
yeckoro momxoma. ITokazaHo, 4TO cocCTaBIIeHHas Iia-
pamreabHas dopMa SIBISICTCS MAaKCHMAaJIbHOM, 4TO, B
CBOIO ouepeb, 00ecIIeYBaeT MUHIMAIbHOE BpEeMsI pe-
IIEHMST TIOCTABJICHHBIX 3aJa4 Ha OCHOBE MCIIOJb30Ba-
HUST MHOTOIIPOILIECCOPHBIX BBIYMCIUTEIBHBIX CUCTEM.

Pesynbratel. MccienoBaHusi, mpuBeaeHHbIE B JaH-
HOI1 paboTe, moKa3ajau BbICOKYIO 3((EeKTUBHOCTD pac-
napajjieJIMBaHus CUCTEM JMHEHHBIX alireOpandyecKux
YpaBHEHUI TPEeXIUaroHaJIbHOM CTPYKTYpPHI Ha TIpUMe-
pe pelleHMsT TeIIOBhIX 3amad. IIpemToKeHHBIN Juc-
JICHHO-aHAJIMTUYECKUI METOH pacIiapajijieIMBaHUs
TPEeXANArOHAIBHBIX CHUCTEM He HaKJIambIBaeT KaKWX-
OO0 OrpaHWYEHUI Ha TOITOJOTUIO CETOUYHBIX Y3JIOB
pacueTHOU obGiacTu. [IprMeHUTENTbHO K Tapayuieib-
HBIM BBIYUCJICHHUSIM apu(dPMETUICCKIX BBIPAXKCHUIA, B
MPEUTOKEHHO METOIMKE OTIEIeHA ITOrPEITHOCTh UC-
XOIMHBIX JTAHHBIX OT omeparuii okpyriaeHus. [Ipu Ta-
KOM TOAIXOA€ MCKIIOYeHa PEeKyppeHTHasl CTPYKTypa
BBIYMCJIEHUSI UICKOMBIX BEKTOPOB PEIIeHUI, KOTopasl,
KakK MpaBUI0, U MPUBOAUT K HAKaIJIMBAaHUIO OLIMOOK
okpyrieHus. IlocTpoeHHass mapaiienbHas ¢opma
MPEUTOKEHHBIX aJITOPUTMOB  SIBIISICTCSI  MaKCHUMaJTh-
HOI1, 1, CJIeIOBATeIbHO, UMEeEeT MUHIMAJIbHO BO3MOX-
HOE BpeMsI pear3allii aJlfOpUTMa Ha IMapalijIeTbHBIX
BBIYMCIIUTEIBHBIX CHCTeMaX. BBIUMCIMTENBHBIC 2KC-
IIepUMEHTHI, TIPOBEICHHBIC P ITOMOIIN MHOTOIIPO-
1IECCOPHOIT BEIUMCIUTEIIFHOM CUCTEMBI, TIOKA3aJIN BbI-
COKy10 3 (HEeKTUBHOCTh pa3pabOTAHHBIX Tapalijieiib-
HBIX aJITOPUTMOB.
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Hayunast HoBu3Ha. B paMKax JeKOMITO3MIIMOHHBIX
aJTOPUTMOB Ha OCHOBAaHWM METOa ,,HCUYCTHOM-YeT-
HOM“ peIyKIINY BIIEpPBbIE NTPEIIOXKEH HOBBIM ITOAXOI K
pacnpeneIeHHOMY PEIlIeHUIO CUCTeM JTMHEWHBIX ajre-
OpanuecKux ypaBHEHMIi, KOTOPBI, 1O CPaBHEHUIO C
M3BECTHBIMU METOJaMM, OTJIMYAeTCsl 3aMKHYTOM Ma-
pajuiebHO (pOpMOIl OTHOCUTEIBHO IIEHTPAJIbHOIO
y3Ja CETKM W BBICOKOM CTEINEHbIO BEKTOPHU3ALIMU.
IIpennoxeH, MpoaHaIN3UPOBAH M PeaIM30BaH HOBBIM
TOAXO K PEIICHUIO 331a4 METAJITYPTUMIeCKOTO IPOn3-
BOJCTBA, KOTOPBI ITO3BOJISICT MOBBICUTh SKOHOMUY-
HOCTh, IIPOM3BOIUTEIBHOCTh U OBICTPOIEICTBIE BHI-
yuciieHnii. JlokazaHo, 4TO TaKOW ITOAXOI ITpemaycMa-
TPUBaeT HanboJIee BEICOKYIO CTEIIEHb BEKTOPU3NPOBA-
HUSI BRIYUCIICHU, TIpeoIpeaesieT MaKCUMAaJIbHO TIa-
pajUIeNIbHYI0 MX aJrOpUTMHUYECKYI0 (opMy M, Kak
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CJICIICTBUE, MUHUMAJIBHO BO3MOXHOE BpeMsI peam3a-
LIMY aJITOPUTMOB Ha TapaJUIeJIbHBIX BEIYUCIUTEIILHBIX
cHucTeMax.

IIpakTnyeckasi 3HauymMocTb. [lyTreM mnpumMeHeHuUs
BBICOKOIIPOM3BOIUTEIbHON MHOTOIIPOLIECCOPHOM CU-
CTeMbI pa3pabOTaHHBIN MOAXOM MO3BOJISIET 00padaThI-
BaTh U UHTEPIPETUPOBATH Pe3ybTaThl TEIIOBBIX KC-
MEPUMEHTOB, 100OMBasICh BLICOKOI CTEMEHU TOUHOCTH,
CYILIECTBEHHOTO COKpallleHUsI BpeMeHU o0paboTKu
9KCIIePUMEHTATbHBIX TaHHBIX.

KioueBble clioBa: gexmopuzayus 6bi4UCAeHULL, 120~
PUMMbL  PACNAPANNEAUBAHUS, MHO2ONPOUECCOPHbIE CU-
cmembl, menaogwle 3a0a4u

Pekomendosano 0o nybaikauii dokm. mexH. HAyK
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