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THE MATHEMATIC MODEL OF AND METHOD FOR SOLVING
THE NEUMANN GENERALIZED HEAT-EXCHANGE PROBLEM
FOR EMPTY ISOTROPIC ROTARY BODY

Purpose. To build a new generalized mathematic 3D model for calculating temperature fields in the empty isotropic
rotary body, which rotates with constant angular velocity, with the known equations of generating lines, which takes into
account finite velocity of the heat conductivity and is made in the form of boundary problem of mathematical physics
for hyperbolic equations of the heat conductivity, as well as to find solutions for the obtained boundary problem.

Methodology. Usage of known integral transforms of Laplace and Fourier and developed new integral transforma-
tion for 2D finite space.

Findings. A non-stationary temperature field was found in the empty isotopic body, which rotates with constant
angular velocity around the axis OZ, taking into account finite velocity of the heat conductivity under condition that
heat-transfer properties of the body are constant, and no internal sources of the heat are available. At the initial mo-
ment of time, the body temperature is constant, and values of heat flows on the outside surface of the body are known.

Originality. It is the first generalized 3D mathematic model, which is created for calculating temperature fields in
the empty isotropic rotary body, which is restricted by end surfaces and lateral surface of rotation and rotates with
constant angular velocity around the axis OZ, with taking into account finite velocity of the heat conductivity in the
form of the Neumann problem. In this work, an integral transformation was formulated for the 2D finite space, with
the help of which a temperature field in the empty isotropic rotary body was determined in the form of convergence
series by the Fourier functions.

Practical value. A non-stationary temperature field was found in the empty isotopic body taking into account finite
velocity of the heat conductivity. The obtained solution can be used for modeling temperature fields, which occur in
different technical systems (satellites, forming rolls, turbines, and others).
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tion, relaxation time

The problem statement, analysis of the recent research
and publications. Rotating discs with irregular shape are
the most critical elements in many machines. Possibility
to obtain high level of machine performance mainly de-
pends upon solidity and durability of their discs. In most
turbomachines, discs operate under the high loads,
hence leading to plastic deformations. In this case, it is
necessary to take into consideration effect of high tem-
peratures and occurrence of temperature stresses. The
law of temperature variation along the disc radius has a
great effect on the rate of temperature stresses. It is
known that when the square law of temperature varia-
tion along radius is employed instead of the linear law, a
significant increase in circumferential stress is observed.
Therefore, high accuracy in determining the tempera-
ture field is critically important for calculation of
strength. Besides, under the high rotary speed, the effect
of finite velocity of the heat conduction on the heat ex-
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change becomes appreciable [1—3]. That is why a num-
ber of problems, which present great theoretical and
practical interest, include studying the temperature field
in the rotary bodies which rotate around their axis, tak-
ing in account the finite velocity of the heat conduction.

As the review of scientific papers shows, heat ex-
change in the rotating bodies has not been studied fully
yet [1]. It is shown that numerical methods are not al-
ways effective for studying nonstationary non-axis-sym-
metrical problems of heat-exchange of the cylinders
which rotate at the high rates.

Thus, it is stated in [1] that conditions for reliability
of calculations by the finite element method and finite
difference method, which are used for calculating non-
stationary non-axis-symmetrical temperature fields of
the rotating cylinders, are described by the same charac-
teristics and can be expressed in the following way

I—A—FOZO and L—P—dz .
Ag? Ap 2
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If Pd = 10° and corresponds to the angular velocity
o = 1.671 sec”! of rotation of metal cylinder with the ra-
dius of 100 mm, then changes of A¢ and AF, should
comply with the following conditions

Ap<2-10° and AF,<2-107,

In case of a uniformly cooled cylinder when Bi = 5
time period needed for the temperature to reach 90 % of
stationary state is equal to Fo = 0.025 [1]. It means that
within this period of time, at least 1.3 - 10® operations
should be fulfilled in order to reach the stationary tem-
perature distribution.

Moreover, it should be mentioned that it would be
necessary to make 3.14 - 10° calculations within one cy-
cle of computation as the inside state of the ring should
be characterized by 3.14 - 103 points. It is obvious that
this number of calculations needed for getting a numeri-
cal result is unrealistic.

Therefore, we will employ integral transformations
for solving boundary problems, which occur during
mathematic modeling of 3D non-stationary heat-ex-
change processes in rotating bodies.

The problem statement. Let us consider calculation of
the temperature field in the rotary body (Fig. 1) with gen-
erating lines L;, Ls, whose equations are r = §(z), r =
= &,(z), correspondingly, in cylindrical coordinate system
(p, 0, 7). The rotary body is restricted by two end faces .S,
(z=0) and S, (z=h) and by lateral surfaces .S; and ;. The
lateral surfaces of rotation S and .S, cross the surface S;
alongthelines L;, j=1,2and L,, k=4, 5, correspondingly.

The body rotates with the constant angular velocity
o around the axis 0Z, and the heat-conduction velocity
is known. The heat-conduction properties of the body
do not depend on temperature, and no internal sources
of the heat are available. At the initial moment of time,
the body temperature is constant G;,, and values of heat
flows on the outside and inside lateral surfaces of the
body Mo, z) and V (e, z) are known correspondingly.
On the end faces, values of heat flow G,(r, ¢) and G,(r,
@) at z=0and g =/ are known.

Solving the problem. In the [1], a generalized heat-
transfer equation is presented for the moving element of
solid medium taking into account finiteness of the heat-
conduction velocity value. According to [1], a general-
ized equation for the energy balance of a solid body
which rotates with constant angular velocity ® around
axis OZ, and whose heat-transfer properties do not de-
pend on temperature, and no internal sources of the
heat are available, can be written in the following way

A Z

Ls

Llfl>k—‘>< r

L4
Fig. 1. Rotary body with generating lines r=&(z), r=£&,(2)

ISSN 2071-2227, Naukovyi Visnyk NHU, 2018, N° 3

{6T oT VT 62T}}
Y ey—+o—+T, +o =

ot op or? oot "
o’T 10T 1T 0°T
=A| —A—— =,
or* ror r’op* 072

where v is density of the medium; c is specific heat ca-
pacity; A is the heat conductivity coefficient; T(p, ¢, z, ?)
is the temperature of the medium; ¢ is time; T, is relax-
ation time.

Mathematically, the problem of defining cylinder
temperature field consists of integration of differential
equation of heat conduction (1) into domains

D={(p, 9,z 0|pe (&), &R);
o€ (0,2n); ze (0,1),2€ (0, =)},

which, taking into consideration the accepted assump-
tions, can be written as
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where 6= is the relative temperature of
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the body; a:cl is thermal diffusivity; R:max{ij,(z)};
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135




INFORMATION TECHNOLOGIES, SYSTEMS ANALYSIS AND ADMINISTRATION

In this case, solution of the boundary problem (2—5)
0(p, 0, z, 1) is twice continuously differentiated by p and
¢, 7, once — by ¢in the domain D and continuous on the

D [4],i.e. 0(p.¢,2.1)€C>(D)NC(D), and functions

G(o, 2), ¥(0, 2), O(p, 9), Alp, 9), O(p, ¢, z, ) can be
decomposed into the Fourier complex series [4]

0(p.p.2.1) 0,(p.2.1)
olos) | | Gl
¥(ez) = 21 ¥a(z) [exp(ing),  (6)
ofpe) | | 0,0
Alp.o) A, (p)
where
0,(p.21) 8(p..2:1)
6l || ol
¥, () =] ¥le) exn-ino)de;
©,(r) " e(p.o)
A (p) (p.0)
Gn(p,z,t) 6E11>(p,z, )+16( )(p,z t)
G,(c)=G\(2)+iG) (2): ¥, (2) =¥} (c) i) (2):

—_

=

0,(p) =01 (p)+10 (p): A, (p)=AL () +iA}) (p).

In view of the fact that 6(p, ¢, z, ?) is a real-valued
function, let us confine ourselves by considering only
0,(p,z,t)forn=0, 1,2, ..., because 0,(p, z, f) and 6_,(p,
z, 1) are complexly conjugate [4]. By putting values of
functions from (6) into (2—5) we can obtain the follow-
ing system of differential equations

) gl 4 T8 o0
ot " ot ot
a0 10000 w2 o oe]
=— n_o4__—n (')+ n ,
d* pop p oz’
for initial conditions
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where 89) =—onm 2 =on,m=2,m=1;i=1,2.
Let us employ the Laplace integral transform [4] for the
system of differential equations (7) with conditions (8—10)

0

f~(s) = If(t) e " drt.

0

As a result, we obtain the following system of differ-
ential equations

SGS) L9 i)(é&mi) +,crsé£1ml))+r,s2é(n") =
130 g azéﬂ, w

+ +
d P p s
with boundary conditions

a6l

p=¢,(2)

aé(")

In order to solve the boundary equation (11—13), let
us apply the following integral transformation

F(kk) jJQ Wopops2)-p-f(pe2)do.  (14)

Proper functions Q(w, 4, p, 2) and proper values p,
can be defined by solving the Sturm-Liouville problem

P0 100 . 020

_E L 0+152=0;, (5
ap p ap p2Q l”t nk Q Xazz ( )

ol L, o

ap p=¢,(2) ap p=c(z) . (]6)

ol _, e

6z z=0 aZ z=1

Proper functions Q(w, 4, p, z) and proper values p,, , of
the Sturm-Liouville problem (15—16) can be defined by
formulas, which are shown in [4], and formula of inverse
transformation can be expressed in the following way

f(px)iMf(m ) an
A0 (1,402

Let us apply the integral transformation (14) to the
system of integral equations (11) with boundary condi-
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tions (12—13), and, as a result, we obtain the following

system of ordinary algebraic equations relatively to éf,i)

_ ~(f)
sé()+9()(9( )+‘C se( ))+1',Szé() an[Q ~A] (18)
u?

nk
where
1
). =[] @)-0(1,5,2) -6 (2) -5 )=
0

XQ(un,gl(z)z P z)} -dz+

+X<§)p{Q(“nkap,Z} pe — n Q(I"Lnk’pa )J

L

_a P
qn’k—FM nko l—1,2.

Curvilinear integral is calculated by closed positively
oriented contour ADCB (Fig. 2).
By solving the system of equations (18), we obtain
A1) )
50 - o Q4 Ok +( 1) onll, (l+srr)

» (19)

2 2
2,2
(Gn’k ) +o°n (1+s1:,)

where a, , = R2’ Cu k=TS +8+ G i=1,2.

By applying formula of the Laplace inverse transfor-
mation [4] to the function (19), we obtain the real-val-
ued functions

0 (,0.0)= ignk( Mol (s, )2z, +1)sm,om]s
(s, ) [ron-(25,s, +1)iJ{ev" 1) +/Z4:gn,k(s/. 20
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Fig. 2. Closed contour with generating lines p = g,(2),
p=¢()
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0.5s7"a,
(2rrsj + 1)2 + (trcon)
forj=1, 2, 3, 4 are defined by the following formulas

where G, ; (s ; ) = —» and values of s;

(r,mm’—l)i\/(1+ tr(x)ni)2 —47,4,, '
2t ’

r

(r,mm’ + l)i \/(1 - r,coni)2 —47,4,,
$34= B :
Tr

Sip =

Thus, by applying formulas of inverse transforma-
tions (6) and (17), we obtain the temperature field of the
rotary body, which rotates with the constant angular ve-
locity ® around the axis OZ, taking into account finite
velocity of the heat conductivity

IXENED) {i[s,g»(u,,,k,f)+,..§,<;><u,,,k,t> )

n=-o | k=1

L Omwor) |

(o0 xeline)

where values 6,(,]) (un,k,t) and 6,(,2) ( pn’k,t) are defined by

the formulas (20, 21).

Conclusions. It is the first mathematic model, which
is created for calculating temperature fields in the empty
isotropic rotary body taking into account finite velocity of
the heat conductivity, and which is made in the form of
a boundary problem of mathematical physics for hyper-
bolic equations of the heat conductivity with the Neu-
mann boundary conditions. An integral transformation
was formulated for the 2D finite space, with the help of
which a temperature field in the empty isotropic rotary
body was determined in the form of convergence series
by the Fourier functions. The obtained solution of the
generalized boundary problem of heat exchange in the
isotropic rotary body, which rotates taking into account
finite velocity of the heat conductivity, can be used for
modeling temperature fields, which occur in different
technical systems (satellites, forming rolls, turbines, and
others).
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MaremaTuyHa MozeJIb i METOJ, pilleHHS
y3arajabHeHoi 3aaui HeiiMana Temnioo0miny
NMOPOXKHbBOIO i30TPOMHOrO Tijla 00epTaHHS
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MerTa. [ToOGynoBa HOBOI y3araJibHEHOI IPOCTOPOBOI
MaTeMaTU4YHOI MOJeJli PO3paxyHKy TeMmepaTypHUX
MOJIiB y TMOPOKHBOMY i30TPOITHOMY Tijli 00epTaHHS 3
BiIOMUMU PiBHSIHHSIMUY TBipHUX JIiHii, 1110 00EPTAETH-
Cs1 3 TIOCTITHOIO KYTOBOIO IIBUIKICTIO, 3 ypaXyBaHHSIM
KiHLIeBOI IIIBUIKOCTI MOLIUMPEHHS Teria 'y BUIJISIII Kpa-
oBoi 3aga4i MaTeMaTUYHOI (Pi3UKM 1JIS TirnepOoTiyHO-
To PiBHSIHHS TEIJIOMPOBIAHOCTI, a TAKOX 3HAXOIXKEH-
HS pillleHb OTPUMAHOI KpalioBOi 3a1a4i.

Metoauka. BukopucTaHHS BiTOMUX iHTErpaibHUX
nepetrBopeHs Jlamraca, @yp’e, a TaKoK po3p0OICHOTO
HOBOTO iHTETpaJIbHOTO TIePETBOPEHHS IS TBOBUMIp-
HOTIO KiHLIEBOT'O IIPOCTOPY.

PesynpTaTti. 3HaliieHO HecTallioHapHE TemIlepa-
TypHE TIOJie B TOPOXHBOMY i30TPOMHOMY Tili, IO
00epTaEThCSI 3 MOCTIMHOIO KYTOBOIO IIBUIKICTIO Ha-
BKosio oci OZ, 3 ypaXyBaHHSIM KiHIIEBOI IIBUAKOCTI
MOLIUPEHHS TerJia 3a YMOBH, 110 Teriodi3uyHi Baac-
TUBOCTI TiJla € MOCTIMHUMM, a BHYTPILLIHI JXepesia Te-
TUIa BiACYTHi. ¥ MOYaTKOBUI MOMEHT Yacy TeMIepaTy-
pa TiJla € MOCTiiHOO, a Ha 30BHIlLIHIK MOBEPXHi Tina
BiJIOMi 3HAUE€HHS TETUIOBUX ITOTOKIB.

Haykosa HOBM3HA. YIIepie 1ToOyqoBaHa y3arajib-
HEHa IIPOCTOPOBAa MaTeMaTHUYHA MOIENb PO3PaxXyHKy
TeMIIepaTypHUX IIOJIiB Y MOPOXHBOMY i30TPOITHOMY
TiJIi oOepTaHHS, OOMEXXEHOMY TOPLISIMU i1 0iYHOIO 1O~
BepXxHel0 o0epTaHHS, 110 00epPTAEThC 3 MOCTIHOIO
KYTOBOIO HIBUIKICTIO HaBKoJO oci OZ, 3 ypaxyBaH-
HSIM KiHIIEBOI IIBUIKOCTiI PO3IMOBCIOIKEHHS TeIlia y
BUTJISIAI KpalioBoi 3amavi Heiimana. ¥ po6oTi mo0y-
JIIOBAHO iHTeTpajIbHE MePETBOPEHHS IJII JBOBUMIipHO-
ro KiHLEBOTO IPOCTOPY, i3 3aCTOCYBaHHSIM SIKOTO
3HalIeHO TeMIIepaTypHe MoJie TTIOPOXKHBOTO i30TpOTI-
HOTO TuTa 00epTaHHS y BUIJISMI 301XKHUX DPSIOiB IO
dynxuigm Oyp’e.

IIpakTuyna 3HAYMMICTh. 3HAWACHO HECTalliOHapHEe
TeMIlepaTypHe I10Jie B IOPOXKHbOMY i30TPOMHOMY Tii
o0epTaHHS 3 ypaXyBaHHSIM KiHI1I€BOI IIBUIKOCTI IO-
IIMPEHHS TeIlIa, 1110 MOXe 3HANTU 3aCTOCYBaHHS TPU
MOJIeJIIOBaHHI TeMIIEpaTypHUX IMOJIiB, sIKi BAHUKAIOTh Y
0araTbox TEXHIYHUX cuUcTeMax (y CYIyTHUKaX, COPTO-
MPOKATHUX BaJIKax, pOTOpax eHEPreTUIHUX arperaTis,
JIUCKOBUX rajibMax i iH.).

KmouoBi ciaoBa: xpaiiosa 3adaua Heimana, inme-
2panbHe NepemeopeHHs, 4ac peaakcayii, NoPoNCHE Mino
obepmanus, memnepamypHe none
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Iens. IlocTpoeHue HOBOI 000OIIEHHON MPO-
CTPAaHCTBEHHOW MaTeMaTUYeCcKOW MOJIeNu pacyera
TeMIIepaTypHBIX TOJIE B ITyCTOM WM30TPOITHOM Telle
BpAIlIEHUs C U3BECTHBIMU YPAaBHECHUSIMU 00Pa3yIOIINX
JIMHWUM, BpallamlIeMcsl ¢ TTOCTOSSHHOM YIJI0OBOW CKO-
POCTBIO, C Y4ETOM KOHEYHOM CKOPOCTH pacIipoCTpaHe-
HHS TeIIa B BUIE KpacBOM 3amayll MaTEMaTHYCCKOM
GU3UKKM 71T TUTIEpOOIMIECKOTO YPaBHEHUS TEILIO-
IMPOBOIHOCTH, a TaKXKe HAXOXICHUE PEIICHUN TOJIy-
YEHHOM KpaeBoM 3a1aui.

Metomuka. Mcronb3oBaHMe U3BECTHBIX WHTE-
rpajbHBIX IIpeoOpa3oBaHuii Jlamiaca, Pypbe, a TakKe
pa3paboTaHHOTO HOBOTO MHTErpaJibHOTO IMpeodpas3o-
BaHUS JJIsT IBYMEPHOTO KOHEYHOTO IPOCTPAHCTRA.

PesyabraTbl. HaiineHo HecTalimoHapHOe TeMIiepa-
TypHOE TI0Jie B MYCTOM M30TPOMHOM Tejie, KOTOPOe
BpalllaeTCsl C MOCTOSIHHON YIJTIOBOW CKOPOCTBIO BOKPYT
ocu OZ, ¢ y9eTOM KOHEYHOI CKOPOCTHU pacIIpOCTpaHe-
HUS TEIJIa TP YCIIOBUH, UTO TeTUIO(U3NIECKIE CBOM-
CTBa TeJIa SIBIISIIOTCS TTOCTOSTHHBIMU, 8 BHYTPSHHHE HC-
TOYHUKM TeIUIa OTCYTCTBYIOT. B HavalbHBIIT MOMEHT
BpEMEHU TeMIIepaTypa Teja SIBISICTCS MIOCTOSHHOM, a
Ha Hapy>KHOI MOBEPXHOCTU Tejia M3BECTHBI 3HAYCHMS
TEILIOBBIX TIOTOKOB.

Hayunas noBusHa. BriepBbie mocTpoeHa 000011IeHHAs
MPOCTPAHCTBEHHAsi MaTeMaTUyecKasi MoJesib pacyera
TeMIepaTypHbIX MOJIei B IyCTOM U30TPOITHOM TeJie Bpa-
IICHUS, OTPaHIMYECHHOM TOPIIaMU 1 OOKOBOI1 IIOBEPXHO-
CThIO BpAILIEHUS, KOTOPOE BPAILIAETCS C TMOCTOSTHHOW
VIJIOBOIT CKOPOCTBIO BOKPYT ocl OZ, ¢ y4eTOM KOHEU-
HOI CKOPOCTH PacIIpOCTpaHEHMSI TeTIa B BUIE KPacBOM
3amaun Heiimana. B paboTe mocTpoeHO MHTerpajibHOe
peo0pa3oBaHue I OBYMEPHOTO KOHEYHOTrO IIpo-
CTPaHCTBa, C TIPUMEHEHUEM KOTOPOTO HaMIEHO TeMIIe-
paTypHOE TI0JIe TTYCTOrO M30TPOITHOTO TeJla BPaIlleHUSs B
BUJIE CXOJISILIMXCS PsiIOB Mo (pyHKIMsIM Dypbe.

IIpakTHyeckas 3HauumocTb. HalineHo HecTauuo-
HapHOE TeMIepaTypHOe IMoJjie B IMyCTOM HU30TPOITHOM
TeJie BpallleHUsI C YYeTOM KOHEYHOH CKOPOCTH pac-
MIPOCTPAaHEeHUS TeIIa, YTO MOXKET HAUTH TTIPUMEHEHIE
IIpY MOAEIMPOBAHUHU TEMIICPATyPHBIX TOJIEH, KOTO-
pblec BO3HUKAIOT BO MHOTHX TeXHNYECKHNX CHCTeMaX (B
CITYTHHUKAX, COPTOIPOKATHBIX BaJIKaX, POTOpaxX 3HEP-
TeTMYEeCKNX arperaToB, TMCKOBBIX TOPMO3aX 1 IIp.).

KimoueBble ciioBa: xpaesas 3adaua Heiimarna, unme-
2panvHoe npeobpaszosanue, 8pemsi peaaKcayuu, nycmoe
meno epaujerus, memnepamypHoe nosne

Pexomendosano do nybaikauyii Odokm. mexH. HaAyK
M. O. Anekceeeum. lama naoxooxucenns pykonucy 23.05.17.
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